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'T'HE plan upon which this work was originally commenced, 
•^ is continued in this second part of the course. As the 
single object is to provide for a class in college^ such matter 
as IS not embraced by this design is excluded ; with the ex- 
ccptiqp of a few things in the notes. The mode of treating 
the subjects, for the reasons mentioned in the preface to Al- 

febra, is, in a considerable degree, difiuse. It was thought 
etter to err on this extreme, 4han on the other, especially 
in the early part of the course. A more concise method 
may be adopted in the succeeding numbers. 

The section on right angled triangles will probably be con- 
sidered as needlessly minute. The solutions might, in all 
cases, be effected by the theorems which are given for ob- 
lique angled triarlgles. But the applications of rectangular 
trigonometry are so numerous, in navigation, surveying, as- 
tronomy, &c. that it was deemed impoilant, to render iamil- 
iar the various methods of stating the relations of the side!=* 
and angles ; and especially to bring distinctly into view the 
principle on which most trigonometrical calculations are 
founded, the proportion between the parts of the given tri- 
angle, and a similar one formed from the sines, tangents, 
&:c. in the tables. 

The solutions of oblique angled trianglcr, arc made by tJie 
common methods. The propositions which are used in partic- 
ular cases, principally by astronomers, are inserted in a note 
at the end. On the subject of Trigonometrical Analysis^ 
nothing more than a few of the first principles could be ad- 
mitted, in a work upon so limited a plan. 

This number begins with a view of the nature and use of 
Tjogarithms, as preparatory to tlie calculations in Trigonom- 
etry. 
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SECTION I. 



NATURE OF LOGARITHMS * 



Art 1 VHE operations of Multiplication and Division, 
■*■ when they are to be often repeated, become 
so laborious, that it is an object of importance to substitute, , 
in their stead, more simple methods of calculation, such as 
Addition and Subtraction* If these can be made to perform, 
in an expeditious manner, the office of multiplication and 
division, a great poition of the time and labour which the 
latter processes require, may be saved. 

Now it has been shown, (Algebra, 233, 237,) that powers 
may be multiplied, by adding their exponents^ and divided, 
by subtracting their exponents. In the same manner, roots 
may be multiplied and divided, by adding and subtracting * 
their fractionsJ exponents. (Alg. 280, 286.) When these expo- 
nents are arranged in tables, and applied to the general pur- 
poses of calculation, they are called Logarithms. 

2. Logarithms, then^ are the exponents of a series if 
powers and roots.f 

In forming a system of logarithms, some particular num- 
ber is fixed upon, as the radix or first power, whose logarithm 
is always 1. From this, a series of powers is raised, and the 
exponents of these are arranged in tables for use. To ex- 
plain this, let the number which is chosen for the first power, 

* Maskelyne's Preface, to Taylor's Logarithms. Introduction to 
IIuttQn's Tables. Keil on Logarithms. Maseres Scriptores Loga- 
rithmici. Briggs' Logarithms. Dodson's Anti-logarilnmic Canon. 
Euler's Algebra. 

t See note A. 
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2 NATURE OF 

be represented bj' a. Then taking a series of powers^ bot& 
direct and reciprocal, as in Alg. 207 ; 

a*, a% a*, a^ a®, a""^; a'^ a'^ a~*, &c. 

The logarithm of a^ is 3, And the logarithm of a""^ is —1, 

of a^ is 1, of a"* is —2, 

ofaMsO, ofa-^is -3,&c. 

Universally, the logarithm pf a* is x. 

3. In the system of logarithms in common use, called 
Briggs* logarithms, the number which is taken for the radix^ 
is 10. The above series then, by substituting 10 for a, be- 
comes 

10*, 10^ lOS 10^\ 10% 10-S 10-^, 10-3, gjc. 

Or 10000, 1000, 100, 10, 1, ^ir, t^^* tAtt* ^^c- 

Whose logarithms are 
4, 3, 2, 1, 0, -1, -2, -3, &c. 

4. The fractional exponents of rootSy and of powers of 
roots, are converted into dedinaUy before they are inserted in 
the logarithmic tables. See Alg. 25£f. 

The logarithm of a'^', or a<^ • « ^ a s^ jg 0.3333, 

of a^,oraO-*«««, is 0.6666, 
of a"^, ora<^-*2«*,is0.4285, 
of a 3 ,ora3-««*S is 3.6666, &c. 

These decimals are carried to a greater or less number of 
places, according to the degree of accuracy required. 

5. In forming a system of logaritbms, it is necessary to 
obtain the logarithm of each of the numbers in the natural 
series 1. 2, 3, 4, 5, &lc. ; so that the logarithm of any number 
may be found in the tables. For this purpose, the radix of 
tbe system must first be determined upon; and then every 
other number may be considered as some power or root of 
this. If the radix is 10, as in the common system, every 
other number is to be considered as some power of 10. 

That a power or root of 10 may be found, which shall be 
equal to any other number whatever, or, at least, a very near 
approximation^ to it, is evident from this, that the exponent 
may be endlessly varied 5 and if this be increased' or dimin- 
ished, the pwver will b^ increased or diminished. 



LOGARITHMS. 3 

If the expone|prt is a fraction, and the numerator be increas- 
ed,* the power will be increased: but if the denominator be 
increased, the power will be diminished. 

6. I'd obtain then the logarithm of any number, accor* 
ding to Briggs' system, we have to find a power or root of 
10 which shall be. equal to the proposed number. The ex- 
ponent of that power or root is the logarithm required. Thus 

7=10^.8451^ rof 7is0.8451 

20=10^-»o^o I therefore the j of 20 is 1.3010 • 
.30=101-*^^ 1 f logarithm ] of 30 is i. 4771 
400=10»-«o»o J [of 4004s 2.60205&X5.* 

>7, A logarithm generally consists of two parts, an integer 
and a decimal. Thus the logarithm 2.60206, or, as it is some- 
times written, 2+. 60206, consists of the integer 2, and the 
decimal .60206. The integral part is called the characteris- 
tic or indexf of the logarithm ; and is frequently omitted, in 
the common tables, because it can be easily supplied, when- 
ever the logarithm is to be used in calculation. « > 

By art. 3d, the logarithms of 

10000^ 1000, 100, 10, 1, .1, .01, .001, &c. 
are 4, 3, 2, 1, 0, -1, -2, -3, &c."^ 

As the logarithms of 1 and of 10 are and 1, it is evident, 
diat,.if any^iven number be betwem 1 and 10, its logarithm 
will be between and 1, that is, it wiU be greater than 0, but 
less than 1. It will therefore have for its index, with a de- 
cimal annexed. ' . 

^ Thus the logarithm of 5 is 0.69697. 

For the same reason, af the given number be between 

10 and 100, ') the log. ( 1 and 2, i. e. 1 +the dec. part* 

100 and 1000, S will be ^ 2 and 3, 2+ the dec. part. 

1000 and 10000, ) between ^ 3 and 4, 3+the dec. part. 

We have, therefore, when the logarithm of an integer or 
mixed number isi:o be found, this general rule, 

*For the tnethod of calculating Logarithms, see Fluxions. 

f The term index, as it is used here, may possibly lead to some^con' 
fusion in the mind of the learner. For the lognrith/n itself is the in- 
dex or exponent of a power. The characteristic, therefore, h the in- 
dex of an index. 
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4 NATURE OF 

8. The index of the logarithm is alwavs one less, than the 
number of integral figures, in the natural number whose loga- 
rithm is sought: or, the index shows how far the first figure of 
the natural number is removed from the place of units. 

Thus the logarithm of 37 is 1.56820. 

Here, the number of figures being two, the index of the 
logarithm is 1. 

The logarithm of 253 is 2.40312. 

Here, the proposed number 253 consists of three figures, 
the first of which is in the second place from the unit figure. 
The index of the logarithm is therefore 2. 

The logarithm of 62.8 is 1.79796. 

Here it is evident that the mixed number 62.8 is between 
10 and 100. The index of its logarithm must therefore be 1. 

9. As the logarithm of 1 is 0, the logarithm of a number 
less than 1, that is, of any proper fraction, must be negative. 

Thus by art. 3d 

The logarithm of -jV or .1 is —1, 

of T^ir or .01 is — 2, 
of TifVTr or .001 is —3, &c. 

10. If the proposed number is between -^^ and y^^, its log- 
arithm must be between —2 and —3. To obtain the loga- 
rithm, therefore, we must either subtract a certain fractional 
part from —2, or add a fractional part to —3; that is, we 
must either annex a negative decimal to --2, or a positive one 
to —3. 

Thus the logarithm 

of .008 is either -2-.09691, or -3+.90309.* 

The latter is generally most convenient in practice, and is 
more commonly written 3.90309. The line over the index 

* That these two expressions are of the same value will be evident, 
if we subtract the same quantity, +-^^^®^ ^om each. The remain- 
ders will be equal, and therefore the quantities from which the sub- 
traction is made must be equaL 

From -2-. .09691 From -3-f .90309 

Subtract -f .90309 Subtract -f- .90309 



Remainder —3 Remainder —3 



See note B. 



LOGARITHMS. 5 

denotes, that that is negative, while the decimal part of the 
logarithm is positive. 

r of 0.3, is r47712, 
• The logarithm ) of 0.06, is 2.77815, 

( of 0.009, is 3^95424, ''; 

And universally, ^ * 

11. The negative index of a logarithm shows how far the 
first significant fgure of the natural number, is removed from 

the place of units, on the right ; in the same manner as a pos- 
itive index shows how far the first figure of the natural num- 
ber is removed from the plac« of units, on the left. (Art. 8.) 
Thus in the examples in the last article. 

The decimal 3 is in the first place from that of units, 

6 is in the second place, 
9 is in the third place ; 

And the indices of the logarithms arc 1, 2, and 3. 

12. It is often more convenient, however, to make the in- 
dex of the logarithm positive, as well as the decimal part. 
This is done by adding 10 to the index. 

Thus, for -1, 9 is written; for -2, 8, &c. * 
Because -1 + 10=9, -2+10=8, &c. 

With this alteration, 

c T.90309 ^ r 9.90309, 

The logarithm < ¥.90309 > becomes < 8.90309^ . .* 

I "3.90309 J ( 7.90309, &c. 

This is making the index of the logarithm 10 too great. 
But with proper caution, it will lead to no errour in practice. k 

13. The sum of the logarithms of two numbers, is the log- * 
arithnrof the product oi those numbers; and the difference 



therefore any number be multiplied or divided by 10, its log- 
arithm will be increased or diminished by 1 : and as this is an 
integer, it will only change the index of the logarithm, with- 
out affecting the decimal part. 



6 NATURE OF 

-Thus the logarithm of 4730 is 3.67486 
And the logarithm of 10 is 1. 



The logarithm of the product 47300 is 4.67486 
And the logarithm of the quotient 473 is 2.67486 

Here the index only is altered, while the decimal part re- 
mains the same. We have then this important property, 

14. The DECIMAL PART of the logarithm of any number is 
the same, as that of the number multiplied or divided by 10, 100, 
1000, &c. 

Thus the log. of 45670, Is 4.65963, 

4567, 3.65963, 

456.7, 2.65963, 

45.67, 1.65963, 

4.567, ^65963, 

^567, Jl.65963, or 9.65983, 

.04567, 2.65963, 8.65963, 

.004567, a65963, 7.65963. 

This property, which is peculiar to Briggs' system, is of 

freat use in abridging the logarithmic tables. For when we 
ave the logarithm of any number, we have only to chaise 
the indesL, to obtain the logarithm of every other number, 
whether int^ral, fractional, or mixed, consisting of the same 
si^ificant figures. The decimd part of the logarithm of a 
fraction found in this way, is always positive. Tor it is the 
same as the decimal part of the logarithm of a whole num- 

15. In a series of fractions continually decreasing, the neg- 
ative indices of the logarithms continumly increase. Thus 

In the series 1, .1, .01, .001, .0001, .00001, &c. 
The logarithms are 0, —1, —2, —3, —4, —5, &c. 

If the progression be continued, till the fraction is reduced 
to 0, the negative logarithm* will become greater than any 
assignable quantity. The logarithm of 0, therefore, is infi- 
nite and negative. (Alg. 4i7.) 

16. It is evident also, that all negative logarithms belong 
to fractions which are between 1 and ; while positive loga*' 
rithms belong to natural numbers which are greater than 1, 



LOGARITHMS. 1 

As the whole range of numbers, both positive and negative, 
is thus exhausted m supplying the logarithms of integral and 
fractional positive quantities; there can be no other numbers 
to furnish logarithms for negative quantities. On this account, 
the lo^rithm of a negative quantity is, by some writers, said 
to be impossible. It appears to be more proper, however, 
to consider the logarithms of negative quantities, as heing the 
same with the logarithms of positive quantities. Logarithms 
are the exponents of powers and roots. (Art. 2.) But an 
exponent may be applied to a negative power or root, as 
well as to a positive one. 



Thus the cube of —a is — 
And the cube of +a is + 



ll I Alg. 218. 



Though these two powers are one positive, and the other 
negative, yet their exponents are the same. So also, the log- 
arithm of a, or of any power of a, is the same as the logarithm 
of the same power of —a. Positive and negative quantities, 
therefore, can not be distinguished from each other by their 
logarithms. 

\1, If a series of numbers he in geometrical progression^ 
their logarithms mil be in arithmetical progression. For, 
in a geometrical series ascending, the quantities increase by 
a common multiplier; (Alg. 436.) that is, each; succeeding 
term is the product of the preceding term into the ratio. 
But the logarithm of this product is the sum of the logarithms 
of the preceding tenn and the ratio; that is, the lesarithms 
iacrease by a common addition^ *and are, therefore, m arith- 
metical progression. (Alg. 422.) In a geometrical progres- 
sion descending^ the terms decrease by a common dimsor^ and 
their logarithms, by a common difference. 

Thus the numbefs 1, 10, 100, 1000, 10000, &c. are in ge- 
ometrical progression. 

And their logarithms 6, 1, 2, 3, 4, &c. are in arithr 
metical progression. 

Universally, if in any geometrical series, 

a = the least term, * r=a: the ratio, 

L=its logarithm, I =:its logarithm } 

Then the logarithm of ar is Xr+Z, (Art. 1.) 

of ar^ is L+!2ly 
of ar^ is L+3/, &c. 
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8 LOGARITHMIC 

Here, the quantities a, ar^^ ar^, ar^, &,c. aie 
in geometrical progression. (Alg. 436.) 

And their logarithms Ly L+l, L+21, X#+3/, &c. arc 
in arithmetical progression. (Alg. 423.)^ 

• 18. Hyperbolic logarithms. Although the system of log- 
arithms which has now been explained, is far more conven- 
ient than any other, for the common purposes of calculation, 
and is the only one in general use, at the present time; yet 
it is not that which was first proposed, by tie celebrated in- ' 
ventor of logarithms Lord Napier.f For particular reasons, 
he made the radix of his system 2.718281828459, instead of 
10. This produces a ctange throughout the whole series, 
except the logarithm of 1, which, in every system, is 0. Na- 
pier's logarithms are also called hyperbolic logarithms, from 
certain relations which they have to the spaces between the 
asymptotes and the curve of an hwerbola ; although these 
relations are not, in fact, peculiar to Napier's system. These 
locarithnjs have some particular uses, to which the common 
tables are not adapted. 



THE LOGARITHMIC CURVE. 

19. The relations of logarithms, and their corresponding 
numbers, may be represented by the abscissas and ordinates 
of a curve. Let the line AC (Fig. 1.) be taken for unity. 
Let AF be divided into portions, each equal to AC, by the 
points 1, 2, 3, &c. Let the line a represent the radix of a 
given system of logarithms, suppose it to be 1.3; and let 
a', a*, &c. correspond, in length, with the different pow- 
ers of d. Then the distances from A to 1, 2, 3, &z;c. will 
represent the logarithms of a, a*, a^, &;c. (Art. 2.) The line 

fCH is called the logarithmic curve, because its abscvesas are 
pfoportioned to the logarithms of numbers represented by its 
ordinates. (Alg. 527.) 
I" 20. Ag the absciaias are the distances from AC, on the line 

* See note C. 

fit may not be correct to ascribe to Napier the original discovery 
of the principle of logarithois. Bat he was the first who constructed 
logarithmic tables, and adapted them to the methods of computation 
to which they are now so extensively applied. These tables were 
published in 1614. For a particular History of logarithms, see the 
Introduction to Hutton's Mathematical Tables. 
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AF, it is eyident, that the abscissa of the point C is 0, which 
is the logarithm of 1 =aAC. (Art. 2.) The distance from A 
to 1 is the logarithm of the ordinate a, which is the radix of 
the system. For Bri^' logarithms, this ought to be ten 
times AC, The distance from A to 2 is the logarithm of 
the ordinate a* ; from A to 3 is the logarithm of o', 8ec. 
^ 21. The logarithms of numbers less than a unit are n^Or 
tim. (Art. 9.) These may be represented by portions of 
the line AN, on the opposite side ot AC. (Alg, 5Q1.) The 
ordifiates ar\ ar^, a , &c. are less than AC, which is taken 
for unity ; and the abscissas, which are the distances from A 
to —1, —2, —3, &c. are negative. 

22. If the curve be continued ever so far, it will never 
meet the axis AN. For, as the ordinates are in geometrical 
pro^ssion decreasing, each is a certain portion .of the pre* 
ceding one. They will be diminished more and more, the 
farther they are carried, but can never be reduced absolutely 
to nothing. The axis AN is, therefore, an tuymptote of the 
curve. (Alg. 545.) As the ordinate decreasesi the abscissa 
increases; so that, when one becomes infinitdy small, the 
other becomes infinitely great. This corresponds with what 
has been stated, (Art. 15.) that the logarithm of is infinite 
and negative. 

23. To find the equation of this curve, 

Let a=the radix of the system, 
a:=any one of the abscissas, 
y=the corresponding ordinate. 

Then, by the nature of the curve, (Art 19.) the ordinate 
to any point, is that power of a whose exponent 19 equal to 
the abscissa of the same point; that is (Alg. 528.) 

ysa-O*.* 

^For other properties of the logarithmic curve, tee Flujuons. 
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SECTBQN ir. 



DIRECTIONS FOR TAKING LOGARITHMS AND 
THEIR NUMBERS FROM THE TABLES * 



A 2d nnHE purpose which logarithms are intended to 
^^* ' -■■ answer, is to enable us to perform arithmetical 
operations with greater expedition, than by the common meth- 
ods. Before any one can avail himself of this advantage, 
he must become so familiar with the tables, that he can read- 
ily find the logarithm of any number; and, on the other 
hand, the number to which any logarithm belongs. 

In the common tables, the indices to the logarithms of the 
first 100 numbers, are inserted; But, for all other numbers, 
the decimal part only of the logarithm is given ; while the in- 
dex is left to be supplied, according to the principles in arts. 
Sand II. 

25. To find the logarithm of any number between I and 

1005 • . . . 

Look for the proposed number, on the left ; and against 
it, in the next column^ will be the logarithm, with its index. 
Thus 

The log. of 18 is 1.25527. The log. of 73 is 1.86332. 

26. To find the' logarithm of any nrnnher between 100 and, 
1000 ; or of any number consisting of not more than three 
significant figures, with ciphers annexed. 

In the smaller tables, the three first figures of each num- 
ber, are g^erally placed in the left hand column; and the 
fourth figure is placed at the head of the other columns. 

Any number, therefore, between 100 and 1000, may be 
found on the left hand ; and directly opposite, in the next 
column, is the decimal part of its logarithm. To this the 
index must be prefixed, according* to the rule in art. 8. 

* The best English Tables are Hutton's in 8vo, and Taylor's in 4to. 
In these, the logarithms are carried to seven places of decimals, and 
proportional parts are placed in the margin. The smaller tables are 
numerous ; and, when accurately printed, arc suflicicnt for common 
calculations. 



THE LOGARITHMIC TABLES. li 

The log. of 458 is 2.66087, The log. of 935 is 2.97081, 
of 796 2.90091, of 386 Z58659. 

If there are ciphers annexed to the significant figures, the 
logarithm may be found in a similar manner. For, by art. 
14, the decimal part of the logarithm of any number is the 
same, as that of the number muUiplied into 10, 100, &c. All 
tlie difference will be in the index ; and this may be supplied 
by the same general rule. 

The log. of 4580 is 3.66087, The log. of 326000 is 5.51322, 
of 79600 4.90091, of 8010000 6.90363. 

27. To find the logarithm of any number consisting of f ova 
figures, either with, or loithout^ ciphers annexed. 

Look for the three first figures, on the left hand, and for 
the fourth figure, at the head of one of the columns. The 
logarithm will be found, opposite the three first figures, and 
in the column which, at the head, is marked with the fourth 
figure.* 

The log. of 6234 is 3.79477, .The log. of 783400 is 5.89398, 
of 5231 3.71858, of 6281000 6.79803. 

28. To find the logarithm of a number containing more than 
FOUR significant figures. 

By turning to the tables, it will be seen, that if the d^er- 
ences between several numbers be small, in comparison with 
the numbers themselves ; the diflerences of the logarithms 
will be nearly proportioned to the differences of the num- 
bers. Thus 

The log. of 1000 is 3.00000, „ere the differences in 

of 1001 3.00043, the Biimhers are l,2,S,4,fec. 

of 1002 3.00087, and the corresponding dif- 

ofl003 3.00130, fcrences in the logarithms 

of 1004 3.00173, &c. ^'^ ^^' ^^' ^^^' ^^^' ^^• 
Now 43 is nearly half of 87, one third of 130, one fourth 
of 173, &c. 

Upon this principle, we may find the logarithm, of a num- 
ber which is between two other numbers whose logarithms 
are given by the tables. Thus the logarithm of 21716 is not 
to be found, in those tables which give the numbers to four 
places of figures only. 

* In Taylor's, Hutton's and other tables, four figures are placed in 
the left hand columu, and the Jiflh at the top of the page. 
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12 THE LOGARITHMIC 

But bj the table, the log. of 21720 is 4.33686 

and the log. of 21710 is 4.33666 

The difference of the two numbers is 10 ; and that of the 
logarithms 20. 

Also, the difference between 21710, and the proposed 
number 21716 is 6. 

If, then, a difference of 10 in the numbers 
make a difference of 20 in the logarithms: 

A difference of 6 in the numbers, will 
make a difference of 12 in the logarithms. 

That is, 10:20::6:12. 

If, therefore, 12 be added to 4.33666, the log. of 21710; 
The sum will be 4.33678, the log. of 21716. 

We have, then, this 

*RULE. 

To find the logarithm of a number consisting of more than 
four figures; 

Take out the logarithm of two numbers, one greater, and 
the other less, than the number proposed : Find the differ- 
ence of the two numbers, and the aiffcrence of their loga- 
rithms : Take also the difference between the least of the 
two numbers, and the proposed number. Then say. 

As the difference of the two numbers, 
To the difference of their logarithms ; 
So is the difference between the least of the 
two numbers, and the proposed number, 
To the proportional part to be added 

to the least of the two logarithms. 
It will generaDj be expedient to make the four first fig^ 
ureSy in the least of the two numbers, the same as in the pro- 
posed number, substituting ciphers, for the remaining figures; 
and to make the greater number the same as the less, with 
the addition of a unit to the last significant figure. Thus 

For 3684.3, take 36840, and 36850, 
For 792674, 792600, 792700, 

For 6537825, 6537000, 6538000, &c. 

The first term of the proportion will then be 10, or 100, 
or 1000, &c. 
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TABLES. IS 

Ex. 1. Required the logarithm of 362572. 

The logarithm of 362600 is 5.55943 

of 362500 5.55931 



The differences are 100, and 12. 

Then 1 00 : 12 : : 72 : 8.64, or 9 nearly. 
And the log. 5.55931+9=5.55940, the log. required. 

Ex. 2. The log. of 78264 is 4.89356 

3. The log. of 143542 is 5.15698 

4. The log. of 1129535 is 6.05290. 

By a littl© practice, such a facility, in abridging these cal- 
culations, may be acquired, that the logarithms may be taken 
out, in a very short time. When great accuracy is not re- 
quired, it will be easy to make an allowance sufficiently near, 
without formally stating a proportion. In the larger tables, 
the proportional parts which are to be added to the loga- 
nthms, are already prepared, and placed in the margin. 

29. To find the logarithm of a decimal fraction. 

The logarithm of a decimal is the same as that of a whole 
number, excepting the index. (Art. 14.) To find then the 
legarithm of a decimd, take out that of a whole number 
consisting of the same figures ; observing to make the negative 
index equal to the distance of the first significant figure of the 
* fraction from the place cf units. (Art. 11.) 

The log. of 0.07643, is 2;88326, or 8.88326, (Art. 12.) 
of 0.00259, 3.41330, or 7.41330, 

of 0.0006278, 4.79782, or 6.79782. 

30. To find the logarithm of a mixed decimal number. 

Find the logarithm, in the same manner as if all the fig- 
ures were integers; and then prefix the index which belongs 
to the integral part, according to art. 8. 

The logarithm of 26.34 is 1.42062. 

The index here is 1, because 1 is the index of the loga- 
rithm of every number greater than 10, and less than 100, 
(Art. 7.) 

The log. of 2.36 is 0.37291, The log. of 364.2 is 2.56134, 
of 27.8 1.44404, of 69.42 1.84146. 
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31. To find the logarithm of a vulgab. fraction. 

From the nature of a vulgar fraction, the numerator may 
-be considered as a dividend, and the denominator as a divisor; 
in other words, the value of the fraction is equal to the quo- 
tient, of the numerator divided by the denominator. (Alg. 
135.) But in logarithms, division is perfonned by sttbtrac* 
iion ; that is, the difference of the logarithms of two num- 
bers, is the logarithm of the quotient of those numbers. (Art. 
1.) To find then the logarithm of a vulgar fraction, subtract 
the logarithm of the denominator from that of the numerator, 
The difference will be the logarithm of the fraction. Or the 
logarithm may be found, by first reducing the vulgar fraction 
to a decimal. If the numerator is less than the denominator, 
the index of the logarithm must be negative, because the val- 
ue of the fraction is less than a unit. (Art. 9.) 



Required the logarithm of 



3 4, 



The log. of tlijc numerator is 1.53148 
of the denominator 1.93952 



of the fraction 1^59196, or 9.59196. 
The logarithm of ^\%\ is 2^66362, or 8.G6362. 

of y/^^ a04376, or 7.04376. 

32. If the logarithm of a mixed number is required, reduce 
it to an improper fraction, and then proceed as before. 

The logarithm of 3^= V is 0.57724. 



33. To find the natural number belonging to any loga- 
sithm. 

In computing by logarithms, it is necessary, in the first 
3)lace, to take from the tables the logarithms of the numbers 
which enter into the calculation ; and, on the other hand, at 
the close of the operation, to find the number belonging to 
the logarithm obtained in the result. This is evidently done, 
by reversing the methods in the preceding articles. 

Where great accuracy is not required, look in the tables for 
the logarithm which is nearest to the given one ; and directly 
opposite, on the left hand, will be found the three first fig- 
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ures, and at the top, over the logarithm, the fourth figuro, of 
the number required. This number, by pointing ofl* ilceini- 
als, or by adding ciphers, if necessaiy, must be made lo ri>r- 
respond with the index of the given logarithm, acconiiiig to 
arts. 8 and 11. 

The natural number belonging 

to 3.66493 is 7327, to L62572 is 42.24, 

to 2.901^ 796.9, to 2.89115 0.07783. 

In the last example, the index requires that the firet signifi- 
cant figure should be in the seamd place from units, and 
therefore a cipher must be prefixed. In other instances, it is 
necessary to annex ciphei's on the rights so as to make the 
number of figures exceed the index by 1. 

The natural number belonging 

to 6.71567 is 5106000, to 1^.65677 is 0.004537, 
to 4.67062 46840, to 4.59802 0.0003903. 

34. When great accuracy is required, and the given loga- 
rithm is not exactly, or very nearly, found in- the tables, it 
'will be necessary to reverse the rule in art. 28. 

Take from the tables two logarithms, one the next greater, 
the other the next less than the given logarithm. I^ind the 
difference of the two logarithms, and the difference of their 
natural numbers; also the difference between the least of the 
two logarithms, and the given logaritliin. Then say, 

As the difference of the two logarithms, 
To the difference of their numbers ; 
So is the difference between the given 

logaritlim and the least of the other two. 
To the proportional part to be added to 

the least of the two numbers. 

Required the number belonging to the logarithm 2.67325* 

Next great, log. 2.67330. Its numb. 471.3. Given log. 2.67325. 
Next less 2.67321. Its numb. 471.2. Next less 2.67321. 

Differences 9 0.1 4 
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Then 9 : 0.1 : : 4 : 0.044, which is to be added 
to the number 471.2 



The number required b 471.244. 

The natural number belonging 

to 4.37627 is 23783.45, to L73698 is 54.57357, 

to 3.69479 4952.08, to 1.09214 is 0.123636. 



35. Correction of the tables. The tables of logarithms 
have been so carefully and so refleatedly calculated, by the 
ablest computers, that there is no room left to questi^m their 
general correctness. They are not, however, exempt from 
the common imperfections of the press. But an errour of 
this kind is easily corrected, by comparing the logarithm 
with any two others to. whose sum or difference it ought to be 
equal. (Art. 1.) 

Thus48=24x2=:16x3==12x4==8x6. Therefore, the 
logarithm of 48 is equal to the swn of the logarithms of 24 
and 2, of 16 and 3, &x?. 

And 3=:{ = y = V = y = V > 8jc. Therefore, the loga- 
rithm of 3 IS equal to the difference of the logarithms of ft 
and 2, of 12 and 4, &c. 



SECTION III, 



METHODS OF CALCtlLATING BY LOGARITHMS. 



Art 36 TT^^ arithmetical operations for which logarithms 

were originally contrived, and on which their 
great utility depends, are chiefly multiplication, division, in- 
volution, evolution, and finding the term required in single 
and compound proportion. The principle on which all these 
calculations are conducted, is this; 

If the logarithm of two numbers be addedy the sum witt he 
the logarithm of the product of the numbers; and 

If the logarithm of one number be subtracted from that of 
another J the difference vjUI be the logarithm of the quotient 
ef one of the numbers divided by the other. 

In proof of this, we have omy to call to mind, that loga- 
rithms are the exponents of a series' of powers and roots. 
(Arts. 2, 5.) And it has been shown, that powers and roots 
are multiplied, by adding their exponents ; and divided, by 
subtracting their exponents. (Alg. 233, 237, 280, 286.) 



MULTIPLICATION BY LOGARITHMS. 

37. Add the logarithm's of the factors : the sum vnll be 
tJie logarithm of the product. 

In making the addition, 1 is to be carried, for every 10, 
from the decimal part of the logarithm, to the index. (Art.7,) 

Numbers. Logarithms. Numbers. Logarithms. 

Mult. 36.2 (Art. 30.) 1.55371. Mult. 640 2.80618 
Into 7.84 0.89432. Into 2.31 a 0.36474 



Prod. 283.8 2.45303 Prod. 1482 3.17092 



The logarithms of tlie two factors are taken from the ta- 

D 
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bles. The prodiict is obtained, by finding, in the tables, the' 
natural number belonging to the sum. (Art. 33.) 

Mult. 89.24 1.95056 Mult. 134. 2.12710 

Into 3.687 0.56667 Into 25.6 1.40824 



Prod; 329^ 2.51723 Prod 3430. 3.53534 



38. When any or all of the indices of the logarithriis are 
n^ntivc, they are to be added according to the rules for the 
addition of positive and negative quantities in algebra; But 
it must be kept in* mind, that the decimal part of the loga- 
rithm is positive. (Art. 10.) Therefore, that which is carri- 
ed from the decimal part to-the index, must be considered- 
positive alsoi 

Mult. 62.84 1.79824 Hult. 6.0294 2^46835:^ 

Into 0.682 1^83378 Into 0.8372* 1.92283 



Prod. 42.86 1;68202 Prod. 0.0246 2.39118^ 



In each of these examples, +1 is to be carried from the 
dedfmal part of the logarithm* This added to —1, the low- 
er index, makes it ; so that there is nothing to be added 
to the upper index. 

If any perplexity is occasioned, by the addition of posi- 
tive and negative quantities, it may be avoided, by borrow- 
ing 10 to the index. (Art. 12.) 

Mult. 62.84 1.79824 Mult. 0.0294 8.46835- 

Into 0.682 9.83373 Into 0.8372 9.92283 



Prod. 42.86 1.63202 Prod. 0.0246 8.391 la 



Here 10 is added to the negative indices, and afterwards 
rejected from the index cff the sum of the logarithms. 

Multiply 26.83 L42862 1.42862' 
Into 0.00069 4.83885 or 6.83885 



Product 0.0135^ 2.26747 8.26747 
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'Here +1 carried to —4 makes it —3, wliichaadded to the 
;upper index + 1? gives —2 for the index of the sum. 

Multiply .0(te45 3792686 or 7.92686 

Into 1068. 3.02857 3.02857 



Product 9.0246 0.95543 D.95543 



Th^ product of 0.0362 into 25.38 is 0;9188 

of 0.00467 into 348*1 is 1 .626 * 
of 0.0861 into 0.00843 is 0.0007258 + 

,.. 39. ^ny number offcfctors may be multiplied together, by 
' adding their logarithms. .^ there are several positive^ and 
^several Negative indices, these are to be reduced to one, as 
in algebra, by taking the difference between the sum of those 
which are negative, and the sum of those which are positive, 
-increased by what is carried from the decimal part of the 
.logarithms. (Alg. 78.) 



Multiply 6832 
Into 0.00863 


-^.83455 
3.93601 


3.8a455 
or 7.93601 


And 0.651 


1.81358 


0.81358 


And 0.0231 
And 62.87 


2.36361 
1.79844 


or 8.36361 

1.79844 


Prod. 55.74 

4 


:1.74619 


X'74619 



Here the sum of the positive indices is 4 

To which, adding what is carried from the dec. part 3 
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f i^c^ i' jJtuiiji -OOO-jv^^ 
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And subtracting f^e sum of the negative indices y u 

'^Whe remainder is jithe ^ 

index of the sum of the logarithms. 




."Or, if 10 be added to each of the -Iwa negative indi^^ 
5/0 must be taken from the index of the sum, and theiansw 
-will be the same, as by the other method. 
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t3j^ 



Ex. 2. The prod, of 36.4 x 7.82 x 68.91 x 0.3846 is 7544. 
3. The prod, of 0.00629 x 2.647 x 0*082 x 278.8 x 0.00063 

is o.ooor 



40. J^egative quantities are multiplied, by means of loga- 
rithms, in the same manner as those which are positive. (Art. 
16.) But, after the operation is ended, the proper sign must 
be applied to the natural number expressing the product, ac- 
cording to the rules for the multiplication of positive and 
negative quantities in algebra. The negative index of a log^ 
arithm^ must not be confounded with^the sign which denotes 
that the natural number is negative. That which the index 
of the logarithm is intended to show, is not whether the nat- 
ural number is positive or negative^ but whether it is greater 
or less than a unit. (Art. 16.) 

Mult. +36.42 1.56134 Mult. -2.681 0.42830 
Into -67.31 1.82808 Into +37.24 1.57101 



Prod. -2451 3.38942 Prod. -99.84 1.99931 



In these examples, the logarithms are taken from the ta- 
bles, and added, in the same manner, as if both factors were 
positive. But after the product is found, the negative sign 
is prefixed to it, because + is multiplied into — . (Alg. 105.) 



Mult. 0.263 
Into 0.00894 



1.41996 
•3^95134 



Mult. 0.065 2^81291 
Into 0.693 1.84073 



Prod. 0.002351 3.37130 Prod. 0.04504 2.65364 



Here, the indices of the logarithms are negative, but tht 
product is positive, because the factors are both positive. 



Mult. -62.59 



1.79650 Mult. -68.3 1.83442 



Into -0.00863 3.93601 



Into -0.0090 3.98227 

4 



Prod. +0J402 1.73251 Prod. +0.6557 1.81669 



* 



->* 



4. .> V 



i ' 



LOGARITHMS. 



£1 



Division by Logarithms. 



41. From the logarithm of the dividend, subtract the los* 
tttithm of the jhyjsob. y the difference vnll be the logarithm 
of the (QUOTIENT. (Art. 36.) 



Numbers. Logarithms. 

Divide 6238 3.79505 

By 2982 3.47451 

Q^ot. 2.092 0.32054 



Numbers. Logarithms. 
Divide 896.3 2.95245 
By 9.847 0.99330 

Quot. 9L02 1.95915 



42. The decimal paxt of the logarithm may be subtracted 
as in common arithmetic. But for the indices, when either of 
them is negative, or the lower one is greater than the upper 
one, it will be necessary to make use of the general rule for 
subtraction in algebra ; that is, to change the signs of the 
subtrahend, and then proceed as in addition. (Alg.82.) When 
1 is carried from the decimal part, this is to be considered 
affirmative, and applied to the index, before the sign is 
changed. 



Divide 0.8697 
By 98.65 



1.93937 or 9.93937 
1.99410 1.99410 



Quot. 0.008816 3.94527 



7.94527 



In this example, the upper logarithm being less than the 
lower one, it is necessary to borrow 10, as in other cases of 
subtraction; and therefore to carry 1 to the lower index, 
whicjb then becomes +2. Tliis changed to —2, and added 
to —1 above it, inakes the index of the difference of the 
logarithms —3. 



Divide 29.76 



Bf 



>.i 



6254 



1.47363 
3.79616 



1.47363 
3.796^ 



• Quot. 0.00476 3.67747 Or 7.97T47 
Here, 1 carried to the lower index, makes it +4. This 
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■changed to —4, and added to 1 above it, gives —3 for the in- 
dex of the difference of the logarithms. 

Divide 6.832 0.83455 Divide 0.00634 3780209 

By -0362 2^55871 By 62.18 1.7936S 

Quot. 188.73 2.27584 Quot. 0.000102 4]00844 

The quotient of 0.0985 divided by 0.007241, is 13.6. 
The quotient of 0.0621 divided by 3.68, is 0.01687.. 

43. To divide negative quantities, proceed in the same manh 
.ner as if they were positive, (Art. 40.) and prefix to the quo- 
tient, the sign which is required by the ndes for division in 
^algebra. 

Divide +3642 3.56134 Divide —0.657 T.81757 
By -23.68 1.37438 By +0.0793 2.89927 

Quot. -153.8 2.18696 Quot. -8.285 0.91830 



In these examples, the sim of the divisor being different 
:from that of the dividend, the sign of the. quotient must be 
^negative. (Alg. 123.) 

Divide -0.364 ^56 110 Divide -68.5 1.83569 
By -2.56 0.40824 By +0.094 5.97318 

%ot. +0.1422 L15286 Qjaot. -728.7 2.86J256 



.Involution by Logarithms. 



44. Involving a quantity is multiplying if into itself. By 
means of logarithms, multiplication is penonned by addition. 
If, then, the logarithm of any quantity be added to itselff the 
logarithm of a power of that quantity will be obtained. But 
adding a lo^urithm, or any other quantity, to itself, is multi^ 
plication. The involution of quantities, by means of loga^ 
.ritlims, is therefore performed, by multiplying the logarithms. 
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ThilB the logarithm 

of 100 ^ is 2 

of 100X100, thatis,ofl00^is2+2 =2x2. 

of 100x100x100, "lOO^ is 2+2+2 =2x3. 

oflOOx 100x100x100, 100'*is2+2+2+2=2x4. 



On the same principle, the logarithm of 100 is 2xn. 
And the logaritnm or a?" , is (log. x) x n. Hence, 

45. To involve a quantity by logarithms. Multiply the 
fogwriihm of the quantity, by the index of the power required. 

TT he reason of the rule is also evident, from the consider- 
ation, that logarithms are the exponents of powers and roots^ 
and a power or root is involved, by multiplying its index in^ 
tb the index of the power required. (Alg. 220, 288.) 

Ex. 1. What is the cube of 6.29jf ? 

Boot &29&, its log. 0.7990G 

Index of the power 3 

Power 249.6 2.39718 



2. Required the 4th power of 21.32- 

Root 21.32 log. 1.32879- 

Index 4 



Fower 206614 5.31516 



31 Required the 6th power of 1.689' 

B[oot 1.689 log. 0.22703 

Index 6 



Power 23.215 1.36578 



4* Biequired the 144th power of 1.003 

Root 1.00S log. 0.00130 

Index 144 



Power 1.539 0.1872a 



4&«. It must be o1>served, as in the case of multiplication. 
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(Art. 38.) that what is carried from the decimal part of the 
logarithm is positive, whether the index itself is positive or 
negative. Or, if 10 be added to a negative index, to ren- 
der it positive, (Art. 12.) this will be multiplied, as well as 
the other figures, so that the logarithm of the square, will 
be 20 too great ; of the cube, 30 too great, &cc. 

Ex. 1. Required the cube of 0.0649 

Root 0.0649 log. ¥.81224 or 8.81224 

Index 3 3 



Power 0.0002733 4.43672 6.43672 

The index —2, multiplied by 3, becomes —6. But +2 
carried from the decimal part, reduces it to —4. 

Or, if 10 be added to the index, sb as to make it +8 ; 
when this is multiplied by 3, and the product increased by 2, 
carried from the decimal part, it becomes 26, which is 30 
too great. Leaving off the first figure, it still remains 10 to* 
great, +6 instead of —4, 

2. Required the 4th power of 0.1234 

Root 0.1234 log.T.09132 or 9.09132 

Index 4 4 



Power 0.0002319 4.36528 6.36528 



3. Required the 6th power of 0.9977 • 

Root 0.9977 log.T.99960 or 9.99900 

Index 6 6 



Power 0.9863 1.99400 9.99400 



4. Required the cube of 0.08762. 

Root 0.08762 log. 2^94260 or 8.94260 

Index 3 3 



Power 0.0006727 4.82780 6.82780 



5: The 7th power of 0.9061 is 0.5015. 
6. The 5th power of 0.93M is 0.7123. 
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V Evolution bt Logarithms. 

47. Evolution is the opposite of involution. Therefore, 
as quantities are involved, by the multiplication of logarithms, 
roots are extracted by the division of logarithms ; uat is, 

To extract the root of a quantity by logarithms, Divide 
lie logarithm of the quantity y by the number expressing the root 
reqmred. 

The reason of the rule is evident also, from the fact, that 
logarithms are the exponents of powers and roots, and evo- 
lution is performed, by dividing the exponent, by the number 
^expressing the root required. (Alg. 257.) 

1. Required the square root of 648.3. 

Numbers. Logarithms. 

Power 648.3 2)2.81178 

Root 25.46 1.40589 

2. Required the cube root of 897.1. 

Power 897.1 3)2.95284 

Root 9.645 0.98428 

In the first of these examples, the logarithm of the given 
number is divided by 2 ; in the other, by 3. 

3. Required the 10th root of 6948. 

Power 6948 10)^84186 

Root 2.422 0.38418 

4. Required the 100th root of 983. 

Power 983 100)2.99255 

Root 1.071 0.02992 

r . 
The division is performed here, as in other cases of deTcim- 

als, by removing the decimal point to the left. 

5. What is the ten thousandth root of 49680000 ? 

Power 49680000 10000)7.69618 

Root 1.00179 0.00077 

We have, here, an example of the great rapidity with which 
arithmetical operations are performed by logarithms. 
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48. If the index of the logarithm is negative^ and is not^ 
divisible by the given divisor, without a remainder, a difficulty 
will occur, unless the index be altered. 

Suppoie the cube root of 0.0000892 is required. The 

logarithm of this is 5.95036. If we divide the index by 3,- 
the quotient will be — i; with —2 remainder. This remaitt-- 
der, if it were positive, mighty as in other cases of division, 
be prefixed to the next- figure. But the remainder is ncg-a- 
tiVBy while the decimal part of the logarithm is positive ; so 
that, when 'the former is prefixed to the latter, it will make 
neither +2.9 nor —2.9, but — 2+.9. This embarrassing in- 
termixture of positives and negatives may be avoided, by 
adding to the index another negative number, to make it ex- 
actly divisible by the divisor. Thus, if to the index —5^ 
there be added —1, the sum —6 will be divisible by S. But. 
this addition of a negative number must be compensated^ by 
the addition of an equal positive number, which maybe pre- 
fixed, to the decimal part of the logarithm. The division 
may then be continued, without difficulty, through the whole.. 

Thus, if the logarithm 5".95036 be altered to "6 +1.95036 

it may be divided by 3, and the quotient will be 2.65012* 
We have then this rule^ 

49. Add to the index j if necessary, such a negative number ~ 
as wHl make it exactly divisible by the divisor^ and prefix an 
equal positive number to the decimal part of the logarithm*. 

1. Required the 5th root of 0.009642 

Power 0.009642 jog. 3;98417 

or 5 +.2.98417 
Root 0.3952 1.5968^ 

2. Required the 7th root of 0.0004935 

' Power. 0.0004935 jog. 1^69329- 

OP 7)7 + 3.6932» 
Root 0.337 T.52761 

50. If, for the sake of performing the division conveniently,, 
the negative index be rendered positive^ it will be expedient 
to borrow as many tens, as there are units in the numDer- de- 
noting the root. 
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'What is the fourth root of 0.03698 f 

Power 0.03698 4)^56797 or 4)38.56797 
Root 0A366 1.64199 9.64199 

Here the index, by borrowing, is made 40 too great, that 
is, +38 instead of —2. When, therefore, it is divided by 4, . 
it is still 10 too great, +9 instead of —1. 

What is the 5th root of 0.008926 ? 

Power 0.008926 5)3^95066 ,or 5)47.95066 

Root 0.38916 1.59013 9.59013 

51. A power of a root may be found by first multiplying 
the logarithm. of the given quantity into the index of the 
.power, (Art 45.) and then dividing the product by the num- 
per expressing the root. (Art. 47.) 

6 

1. What is the value of (53)''', that is, the 6th power of 
*the 7th root of 53 ? 

Given number 53 log. 1.72428 

Multiplying by 6 

Dividing by 7)10.34568 

Power required 30.06 1.47795 

& What is the 8th power of the 9th root of 654? | 



Tboportion bt Logarithms. 

^2. In « proportion, when three terms are given, the fourth 
-is found, in common arithmetic, by multiplying together the 
•second and third, and dividing by the first. But, when log- 
arithms are used, addition takes the place of multiplication, '^4 
and subtrcxtion, of division. 

To find then, by logarithms, the fourth term in a propor- 
tion. Add the logarithms of the second and third tenns^ and 
from the sum subtract the logarithm of the first term. The 
^remainder wUl be the logaritnm of the term required. 

Ex. .1. Find a fourth proporticmal to 7964, 378, and 37960. 
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Numbers. 
Second term 378 
Third term 27960 



Logarithmfl. 
2.57749 
4.44654 



First terra 



7964 



Fourth term 1327 



7.02403 
3.90113 

3.12290 



2. Find a 4th proportional to 768, 381 and 9780. 

Second term 381 2.58092 

Third term 9780 3.99034 



First term 



768 



Fourth term 4852 



6.57126 
2.88536 

3.68590 



Arithmetical Complement. 

53. When one number is to be subtracted from another, 
it is often convenient, first to subtract it from 10, then to add 
the difference to the other number, and afterwards to reject 
the 10. 

Thus, instead of a— J, we may put 10— 6+fl — 10. 

In the first of these expressions, b is subtraeted from a. In 
the other, b is subtracted from 10, the difference is added to 
Oy and 10 is afterwards taken from the sum. The two ex- 
pressions are equivalent, because they consist of the same 
terms, with the addition, in one of them, of 10—10=0. The 
alteration is, in fact, nothing more than borrowing 10, for the 
sake of convenience, and then rejecting it in the result. 

Instead of 10, we may borrow, as occasion requires, 100, 
1000, &c. 

Thus a-J=100-J+a-100=1000-&+fl— 1000, &c. 

54. The DIFFERENCE between 0^given number and 10, or 
100, or 1000, ^c. is called the arithmetical complement 
of that number. 

The arithmetical complement of ll number consisting of 
one integral figure, either with or without decimals, is found, 
by subtracting the number from 10. If there are two ipte- 
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gral figures, they are subtracted from' 100; if threes from 
1000, fac. 

Thus the arithmetical compl't of 3.46 is 10— 346=s6e54 

of 34.6 is 100-34.6 =65.4 
of 346. is 1000-346.=654. &c. 

According to the rule for subtraction in arithmetic, any 
number is subtracted from 10, 100, 1000, &c. by beginning 
on the right hand, and taking each figure from 10, alter in- 
ereasing all except the first, by carrying 1, 

Thus, if from 10.00000 

We subtract 7.63125 



The difference, or arith'l comp't is 2.36875, which is ob- 
tained, by taking 5 from 10, 3 from 10, 2 from 10, 4 from 10, 
7 from 10, and 8 from 10. But, instead of taking each fig- 
ure, increcised by 1, from 10; we may take it mthout being 
4ncreased^ from 9. 

Thus 2 from 9 is the same as 3 from 10, 

3 from 9, the same as 4 from 10, &c. Hence, 

5B. To obtain the arithmetical complement of a num- 
ier, subtract the right hand significant figure from 10, and each 
of the, other figures fi-om 9. If, however, there are ciphers 
on the right hand of all the significant iigures, they are to be 
set down without altei'ation. « 

In takins the arithmetical complement of a logarithm, if 
the index is negative^ it must be added to 9 ; for adding a 
negative quantity is the same as subtracting a positive one. 
(Aig. 81.) The difference between —3 and +9, is not 6, 
but 12. 

The arithmetical complement 

of 6.24897 is 3.75103 of "2.70649 is 11.29351 

of 2.98643 7.01357 of 3.64200 6.35800 

of 0.62430 9.37570 of 9.35001 0.64999. 

56. The principal use of the arithmetical complement, is 
in working proportions by logarithms ; where some bf the 
terms are to be added^ and one or more to be subtracted. In 
the Rule of Three or simple proportion, two terms are to be 
added, ana from the sum, Uic first term is to be subtracted. 
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But if, instead of the logarithm of the first term, we substi- 
tute its arithmetical .complement, this may be added to the 
sum of the other two, or more simply, all three may be ad- 
ded together, by one operation. After the index is dimin- 
ished by 10, the result will be the same as by the common 
method. For subtracting a number is the same, as adding 
ats arithmetical complement, and then rcjjecting 10, 100, or 
1000, from the sum. (Art. 63.) 

In the following proportion, the calculfltion is made in 
.l)oth ways. 

If the profit on 2625 dollars employed in trade,.is 831 dol- 
ilars ; what is the profit on 536 dollars f 



By the common method. 
2d term 831 2.91960 
3d term 536 2.72916 



By the Arithi^ Complement. 
2d term 2.91960 

3d term 2.72916 



5.64876 
1st term 2625 3.41913 



5.64876 
1st term a.c. 6.58087 



4th term 169.68 2.22963 



4th term 



^22963 



-^ 



The second metbodbere, after rejecting 10, gives the samne 
nresult as the first. But it is unnecessary, first to add two oT 
^he terms, and then the arithmetical complement of the oth- 
»cr. The three may b9 added at once ; and it will generallj^ 
%e expedient, to place the terms in the same order, in which 
tthey are arrangea in the statement of the proportion. 



Thus, As 2625f stock, 
Is to 831 profit 
So is 536 stock 



d. c. 



To 169.68 profit 



6.56087 
2.9 1960 
2.72916 

2.22963 



-2. As 6273 a. c. 6J20252 
Is to 769.4 2.88615 
So is 37.61 1.57530 



3. As 253 a. c. 7.59688 
Is to 672.5 2.82769 

Sois 497 2.69636 



i 



To 4.613 



0.66397 



To 1821.1 



S.120S0 



COMPOUND proportion:. ' 

A As 46.34 a. c. 8.33404 5. As 9.85 a. e. 9.00656 

Is to 892.1: 2.95041 Is to 643 2.80821 

So is 7.638 0.88298 So is 76.3 '1.88252 



To 147 2.16743 To 4981 3.69729 



Compound Proportion. 

5T. In compound, as in single proportion, the term requir- 
ed may be found by logarithms, if we substitute addition for 
multiplication, and subtraction for division. 

Ex. 1. If the interest of j(365, for 3 years and 9 months, be 
4^82.13 ; what will be the interest of $8940, for 2 years and 
6 months ? 

In common arithmetic, the statement of the question is 
made in this manner^ 

365doUars> ^^u^ ^ < 8940 doUars > 

3.75 years ) C 2.5 years ) 

And the method of calculation is, to divide the product of 
tlie third, fourth, and fifth terms, by the product of the two 
first.* This, if logarithms are used, will be to subtract the 
9um of the logarimms of the two first terms, from the mm of 
the logarithms of the other three. 

Two first terms \ ^^ ^^S- ^^^229 
iwo lirst terms ^ ^^^ 0.57403 

Sum of the logarithms 3.13632 

Third term* 82.13 1.91450 

Fourth aiKi fifth tenn3[%^^2 JS 

Sum of the logs* of the 3d, 4th, and 5th 6.26378 
Do. Ist and 2d 3.13632 



Term required 1341 3.12746 



* See Webber** Arithmetic. 
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58. The calculation ynUl be more simple, if, instead of 
subtracting the logarithms of the two first terms, we add their 
arithmetical complements. But it must be obsenred, that each 
arithmetical complement increases the index of the logarithm 
by 10. If the arithmetical complement be introduced into 
two of the terms, the index of the sum of the logarithms 
will be 20 too great ', if it be in three terms, the index will be 
30 too great, &£C. 

rr ^ e ^* ^ 365 a. c, 7.43771 

Two first terms < „ „c n Ac%trn» 

I 3.75 a. c. 9.42597 

Third term 82.13 1.91450 

T^ ^^. jfi/vu* (8940 3.95134 

Fourth and fifth terms j 2.5 39794 

y. 

Term required 1341 23.12746 

The result is the same as before, except that the index of 
the logarithm is 20 too great. 

Ex. 2. If the wages of 53 men for 42 days be 2200 dol- 
lars ; what will be the wages of 87 men for 34 days.^ 



Third term 2200 3.34242 

87 1.93952 

34 1.53148 



Fourth and fifth terms < 



Term required 2923.5 3.46589 



59. In the same manner, if the product of any number of 
quantities, is to be divided, bj the product of several others ; 
we may add together the logarithms of the quantities to be 
divided, and the arithmetical complements of the logarithms 
of the divisors. 

Ex. If 29.67 X 346.2 be divided by 69.24 X 7.862 x 497 ; 
what will be the quotient ? 
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-Numbers to be divided { ^^% If^^^ 

G9.24 a. c. 8.15964 
Divisors ^ 7.862 a. c. 9.10447 

497 a. c. 7.30364 




Qjaotient 0.03797 5.57940 



In this way, the calculations in Conjoined Proportion may 
be expeditiously performed. 



Compound 3ntehest. 

60. In calculating compound interest, the amount for the 
'first yeai\ is made the principal for the second year ; the 
..amount for the second year, the principal for the third year, 

££C. Now the amount at the end of each year, must be pro- 
portioned to the principal at the beginning of the year. If 

Jthe principal for the first year be 1 dollar, and if the amount 

a)f 1 dollar for i year =a ; then, (Alg. 377.) 

{a : d* =the am't for the 2d y'r, or the prin. for the 3d; 

4- : a:: <a^:a^ = the am't for the 3d y'r, or the prin. for the 4th; 

( a* : cr* = the am't for the 4th y'r, or the prin. for the 5th, 

[&c. 
THiat is, the amount of 1 dollar for^any number of years is 
obtained, by finding the amount for 1 year, and involving this 
to a power whose index is equal to the number of years. 
And the amount of any other principal, for the given time, 
is found, by multiplying the amount of 1 dollar, into the 
number of dollars, or the fractional part of a dollar. 

If logarithms are used, the multiplication required here may 
-be performed by addition; and the involution, hy^rifiultiplica- 
iion. (Art. 45.) Hence, 

61. To calculate Compound Interest, Find the amount of 
1 dollar for 1 year ; multiply its logarithm by the number of 

^years ; and to the product, add the logarithm of the principal. 
The sum will be the logarithm of the amount for the given 
lime. From the amoimt subtract the principal, and the re- 
mainder will be the interest. 

If the interest becomes due half-yearly or quarterly ; find 
.the amount of one dollar, for the half-year or quarter, and 
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multiply the logarithm, by the number of half-years or quar- 
ters in the given time. 

Ex. 1. What is the amount of 20 dollars, at 6 per cent 
compound interest, for 100 years.'* 

[ Amount of 1 dollar for 1 year 1.06 log. 0.0253059 

Multiplying by 100 

2.53059 
Given principal 20 1.30103. 



Amount required ^6786 3.83162 

2. What is the amount of 1 cent, at 6 per cent compound 
interest, in 500 years .f* 

Amount of 1 dollar for 1 year 1.06 log. 0.0253059 
Multiplymg by 500 

12.65295 
Given principal 0.01 —2.00000 



Amount $44,973,000,000 10.65295 

More exact answers may be obtained, by using logarithms 
of a greater number of decimal places. 

3. What is the amount of 1000 dollars, at 6 per cent com- 
pound interest, for 10 years .f* Ans. 1790.80. 

Exponential Equations. 

62. An Exponential equation is one in which the letter 
expressing the unknown quantity is an eocponent. 

Thus a* =6, and ar* = Jc, are exponential equations. These 
are most easily solved by logarithms. As the two members 
of an equation are equal, their logarithms must also be equal. 
If the logarithm of each side be taken, the equation may 
then be reduced, by the rules given in algebra. 

' Ex. What is the value of Xj in the equation 3* =243? 
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Taking the lojgarithms of both sides log. (3*)=loe. 243 
But the logarithm of a power is equal to the logarithm of 
the root, multiplied into the index of the power. (Art. 45.) 

Therefore (log. 3) xa?=log. 243 ; and dividmg by log. 3, 

log. 243 2.38561 
a?= i, .. =— .-::::7r-^=5. So that 3« =243. 



log. 3 



0.47712 



63. The preceding is an exponential equation of the sim- 
plest form. Other cases, after the logarithm of each side is 
taken, may be solved by Trial and Errour, in the same man- 
ner as affected equations. (Alg. 503.) For this purpose, 
make two suppositions of the value of the unknown quanti- 
ty, and find their errours ; then say, 

As the difference of the errours, to the dif- 
ference of the assumed numbers ; 
So is the least errour, to the correction required 
in the corresponding assumed number. 

Ex. 1. Find the value of x in the equation of =256. 
Taking the logarithms of both sides (log. x)xx=\og,266 

Let X be supposed equal to 3.5, or 3.6. 

By the first supposition. By the second supposition. 

x=s3,5, and log. a?=0.54407 x=3.6, and log. a?=0.55630 
Multiplying by 3.5 ..--^ Multiplying by 3.6 



(log. a?) x.r= 1.90424 
log. 256=2.40824 



(log. a?) X a: =2.00268 
log. 256=2.40824 



Errour —0.50400 Errour —0.40556 

Difference of the errours 0.09844 

Then 0.09844 : 0.1 : : 0.40556 : 0.41 1 9, Ifae correction. This 
added io 3.6, the second assumed number, makes the valu« 
of a?=4.Q119. 

To correct this farther, suppose cc=4.011, or 4.012. 

By the first supposition, By the second supposition, 

a?=4.01l,andlo2:..T=0.60325 a: =4.0 12, and log.a?= 0.60336 
Multiplying'by 4.011 Multiplying by 4.012 



(log. a?)xa?=2.41963 
log. 256=2.40824 

Errour +0.01139 
Difference of the errours 



(log. it) X a? =2.42068 
log. 256=2.40824 



Errour +0.01244 
0.00105 



.1 
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Then 0.00105 : 0.001 : : 0.01 139 : 0.01 1 very nearly. ^ 
Subtracting this correction from the first assumed number 
4.011, we have the value of a? =4, which satisfies the condi- 
tions of the proposed equation ; for 4:^ =256. 

2. Reduce the equation 42"^ = 100^^. Ans. x==5. 

3. Ileduce the equation x"^ =9a?. 



TRIGONOMETRY. 



SECTION I. 



SINES, TANGENTS, SECANTS, &c. 



Art 71 TPRIGONOMETRY treats of the relations of the 
* ■*■ sides and angles of triangles. Its first object 
w, to determine the length of the sides, and the quantity of 
the an^es. In addition to-this, from its principles are deriv- 
ed many interesting methods of investigation in the higher 
branches of analysis, particularly in physical astronomy. 
Scarcely any department of mathematics is more important^ 
or more extensive in its applications. By trigonometry, the 
mariner traces his path on the ocean ; the geographer deter- 
mines the latitude and longitude of places, the dimensions^ 
and positions of countries, the altitude of mountains, the 
courses of rivers, &c. and the astronomer calculates the dis- 
tances and magnitudes of the heavenly bodies, predicts the 
eclipses of the sun and moon, and measures the progress of 
light &om the stars. % 

72. Trigonometry is either plane or spherical. The for- 
mer treats of triangles bounded by right lines; the latter, of 
triangles bounded by arcs of circles. 

Divisions of the Circle. 

73^ In a triangle there are two classes of quantities which 
are the subjects of inquiry, the sides and the angles. For 
thepurpose of measuring the latter, a circle is introduced. 

The periphery of every circle, whether great or small, is 
supposed to be divided into 360 equal parts called degrees, 
each (legi'ee into^ 00 minuteSf each minute into 60 secondly 
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each second into GO tkirch, &:c. marked with fhe characters 
®, ', ", '", &c. Thus 32^ 2i' 13" 22" is 32 degrees 24 min- 
utes 13 seconds 22 thirds.* 

A degree, then, is not a magnitude of a given length ; but 
a certain portion of the whole circumference of any circle. 
It is evident, that the 360th part of a large circle is greater, 
than the same part of a small one. On the other hand, the 
number of degrees, in a small circle, is the same as in a large 
one. 

The fourth part of a circle is called a quadrant, and con- 
tains 90 degrees. 

74. To measure an angle, a circle is so described that its 
centre shall be the angular point, jnd its periphery shall cut 
the two lines which mclude the angle. The arc between the, 
two lines is considered a measure of the angle, because, by . 
Euc. 33. 6, angles at the centre of a given circle, have the 
same ratio to each other, as the arcs on which they stand. 
Thus the arc AB, (Fig. 2.) is a measure of the angle ACB. 

It is immaterial what is the size of the circle, provided it 
cuts the lines which include the angle. Thus the angle 
ACD (Fig. 4.) is measured by either of the arcs AG, ag. 
For ACD is to ACII, as AG to AH, or as ag to ah. (Euc. 
33. 6.) 

75. In the circle ADGII (Fig. 2.) let the two diameters. 
AG and DH be perpendicular to each other. The angles 
ACD, DCG, GCH, and KCA will be right angles; and the 
periphery of the circle will be divided into four equal parts, 
each containing 90 degrees. As a right angle is subtended 
by an arc of 90°, the angle itself'is said to contain 90**. 
Hence, in two right angles, there are 180®, in four right an- 
gles 330° ; and in any other angle, as many degrees, as in 
the arc by which A is subtended. 

76. The sum of the three angles of any triangle being 
equal to two right angles, (Euc. 32. I.) is equal to 180^. 
Hence, there can never be more than one obtuse angle in a 
triangle. For the sum of two obtuse angles is more than 

77. The COMPLEMENT of an arc or an angle, is the differ- 
ence between the arc or angle and 90 des^rces. 

The complement of llie arc AB (Fig. 2.) isDB; and the 
complement of the anr^le ACB is DCB. The complement 
of thearcBDGisalsoDB. 

* See note D. 
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The complement of 10° is 80% of 60° is 30*, 

of 20° is 70°, of 120 is 30°, 

of 50° is 40°, of 170 is 80% &c. 

Hence, an acute angle and its complement are always 
equal to 90®. The angles ACB and DCB are together 
equal to a right angle. The two acute angles of a rignt an- 
gled triangle arc equal to 90° : therefore each is the comple- 
luent of the other. 

78. The SUPPLEMENT of an arc or an angle is the differ^ 
ence between the arc or angle and 180 degrees. 

The supplement of the arc BDG (Fig. 2.) is AB ; and the 
supplement of the angle BCG is BCA. 

The supplement of 10° is 170°, of 120® is 60% 

of 80® is 100®, of 150® is 30®, &c. 

Hence an angle and its supplement arc always equal to 
180®. The angles BCA and BCG are together equal to two 
right angles. 

79. Cor. As the three angles of a plane triangle are equal 
to two right angles, that is, to 180® (Euc. 32. 1.) the- sum 
of any two of them is the supplement of the other. So that 
the third angle may be found, by subtracting the sum of the 
other two fi*om 180®. Or the sum of any two may be found, 
by subtracting the third from 180®. 

80. A straight line drawn from the centre of a circle to 
any part of the periphery, is called a radius of the circle. 
In many calculations, it is convenient to consider the radius, 
whatever be its length, as a unit. (Alg. 510,) To this must 
be referred the numbers expressing the lengths of other lines. 
Thus 20 will be twenty times the radius, and 0.75, three 
fourths of the radius. ^ 

Definitions of Sines, Tangents, Secanti^ fyc, 

81. To facilitate the calculations in trigone metr}', there 
are drawn, within and about the circle, a number of straight 
lines, called Sines, Tangents, Secants, (^-c. With these the 
learner should make himself perfectly familiar. 

82. JTAe Sine of an arc is a straight line drawn from one 
end of the arc, perpendicular to a diameter which passes through 
ike other end. 

Thus BG (Fig. 3.) is the sine of the arc AG. For BG is 
a line drawn from the end G of the arc, perpendicular to the 
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ndiameter AM which passes through the other end A of t"hc 
arc. 

Cor. The sine is half the chord of double the arc. The 
sine BG is half PG, which is the chord of the arc PAG, 
double the arc AG. 

83. The VERSED sine of an arc is that part of the diametik 
which is letiveen the sine and the arc. 

Thus BA is the versed sine of the arc AG. 

6»i. The TANGENT of an arc, is a straight line drawn per' 
pendicular from the extremity of the diameter which passes 
through one end of the arc, and extended till it meets a line 
drawn from the centre through the other end. 

Thus AD (Fig. 3.) is the tangent of the arc AG. 

85. The Skcant of an arc, is a straight line drawn from tht 
centre, through one end of the arc, and extended to the tangent 
which is drawn from the other end. 

Thus CD (I'ig. 3.) is the secant of the arc AG. 

86. In Trigonometry, the terms tangent and secant have a 
more limited meaning, than in Geometry. In both, indeed, 
the tangent touches the circle, and the secant cuts it. But in 
Geometry, these lines are of no determinate length; whereas, 
m Trigonometry, they extend from the diameter to the point 
in which they intersect each other. 

87. The lines just defined are sines, tangents and sccantft 
of arcs. BG (Fig. 3.) is the sine of the arc AG. But this 
arc subtetids the angle GCA. BG is then the sine of the arc 
"which subtends the angle GCA. This is more concisely ex- 
3)ressed, by saying that BG is the sine of the angle GCA. 
And universally, the sine, tangent, and secant of an arc, are 

^aid to be the sine, tangent, and secant of the angle which 
^stands at the centre of the circle, and is subtended by the arc. 
Whenever, therqpBre, the sine, tangent, or secant of an an- 
gle is spoken of; we are to suppose a circle to be drawn 
%vhosc centre is the angular point ; and that the lines men- 
■<tioncd belong to that arc of the periphery which subtends 
ihe an^. 

88. The sine, and tangent of an acute-angle, are opposite 
'io the angle. But the secant is one of the lines which include 
the angle. Thus the sine BG, and the tangent AD (Fig. 3j) 
are opposite to the angle DCA. But the secant CD is one 
^of the lines which include the angle. 

89. T/ifi sine complement or cosine of an angle, is the sine 
of the COMPLEMENT of that angle. Thus, if the diameter 
'HO (Fig. 3.) be perpendicular to MA, the. angle HCG is^hc 
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•complement of ACG ; (Art. 77.) .and LG, or it3 equal CR, 
is the sine of HCG. (Art. 82.) It is, therefore, the corine of 
GCA. On the other hand GB is the sine of GCA, and the 
cosine of (xCH. 

So also the cotangent of an angls is the tangent of the 
complement of the angle. Thus HF is the cotangent of GCA. 
And the cosecant of 4tn angle is the secant of the complement 
of the angle. Thus CF is the cosecant of GCA. 

Hence, as in a right angled triangle, one of the acute an- 
gles is the complement ol the other ; (Art. 77.) the sine, tan- 
gent, and secant of one of these angles, are the cosine, co- 
tangent, and cosecant of the other. 

90. The sine, tangent, and secant of the supplement of an 
angle, are each- equate the sine, tanj;;ent, and secant of the 
angle itself. It will be seen, by applying the definition (Art. 
8^ to the figure, that the sine of the obtuse angle GCM is 
BG, which is also .the sine of the acute angle GCA. It 
should be observed, however, that the sine of an acute ancle 
is opposite to it; while the sine of an obtuse angle faU^vnth- 
out the angle, and is opposite to its supplement. Thus BG, 
the sine of the angle MCG, is not opposite to MCG, but to 
its supplement ACG. 

The tangent of the obtuse ande MOG is MT, or its equal 
AD, which is also the tangent of ACG. And the secaitt oi 
JilCG is CD, which'is also the secant of ACG. 

91. But the versed sine of an angle is not the same, as that 
^of its supplement. The versed sine of an acute angle is equal 

to the difference between the cosine and radius. But the 
versed sme of an obtuse angle is equal to the sum of the co- 
sine and radius. Thus the versed sine of ACG is AB=AC 
-BC. (Art. 83.) But the versed sine of MCG is MB=MC 
+BC. 

Relations of SineSy Tangents j Secants ^ fyc, to each other, 

92. The relations of the sine, tangent, secant, cosine, &c. 
to each other, are easily deriyed from^ie proportions of the 
sides of similar triangles. (Euc. 4. 6.) In the quadrant ACH, 
(Fie. 3.) these lines'form three similar triangles, viz. ACD, 
BCG or LCG, and HCF. For, in each of these, there is one 
right ansle, because the sines and tangents arc, by definition, 
perpendicular to AC ; as the cosine and cotangent are to 
CH. The lines CH, BG, and AD are pai^allcl, because CA 
makes a right angle with cac^h. (Euc. 27. 1 .) For the same 
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reason, CA, L6, and HF are parallel. The alternate andes 
GCL, BGC, and the opposite angle CDA are equal ; (Euc. 
29. 1.) as are also the angles GCB, LGC, and HFC. The 
tpkngles ACD, BCG, and HCF are therefore similar. 

It should also be observed, that the line BC, between the 
sine and the centre of the circle, is parallel and equal to the 
cosine ; and that LC, between the cosine and centre, is par- 
allel and equal to the sine ; (Euc. 34. 1.) so that one may be 
taken for the other, in any calculation. 

93. From these similar triangles, are derived the following 
proportions ; in which R is put for radius, 

sin for sine, cos for cosine, 

tan for tangent, cot for cotangent, 

sec for secant, cosec for cosecant. 

By comparing the triangles CBG and CAD, 

1. AC : BC : : AD : BG, that is, R : cos : : tan : sin. 

2. C6:CD::BG:AD R: sec:: simian. 

3. CB:CA::CG:CD co«:R::R:5ec. 

Therefore R* =iC08Xsec, 

By comparing the triangles CLG and CHF, 

4. CH : CL : : HF : LG, that is, R:8in:: cot : cos. 

5. CG : CF : : LG : HF R : cosec : : cos : cot, 

6. CL:CH::CG:CF sin :R::R: cosec. 

Therefore R* =:sin x cosec. 

By comparing the triangles CAD and CHF, 

7. CH : AD : : CF : CD, that is R : ^an : : cosec : sec. 

8. CA:HF::CD:CF R: cot:: sec: cosec. 

9. AD:AC::CH:HF tan:R::R:cot. 

Therefore R* =tan X cot. 

It ^vill not be be necessary for the learner to commit these 
proportions to memory. But he ought to make himself so 
lamiliar with the manner of stating tnem from the figure, as 
to be able to explain them, whenever they are referred* to. 

94. Other relations of the sine, tangent, &c. may be de- 
rived from the proposition, that the square of the hypothe- 
nuse is equal to the sum of the squares of the |;erpenaicular 
sides. (Euc. 47. 1.) 

In the right angled triangles CBG, CAD, and CHF, 
(Fig. 3.) 
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1. CG'=^B*+BG*, that is, R*=co«» +««»,* X 



-a \ 



2. CD =CA +Ap *ee»=R» + te»«, 

a CF*=CH»+HF' eosee*=R'+cot*. 

And, extracting the root of both sides, (Alg. 296.) 

95. The sine of 90^ ^ 

TAc chord of 60** J^ arc, in any circle, each equal to the 
And the tangent of 45** ) 
radiusy and therefore equal to each other. 

Demonstration, 

1. In the quadrant ACH, (Fig. 5.) the arc AH is 90o. 
The sine of this, according to the definition, (Art. S2.) is 
CH, the radius of the circle. 

2. Let AS be an arc of 60^ Then the angle ACS, be- 
ing measured by this arc, will also contain 60®; (Art. 75.) 
and the triangle ACS will be equilateral. For the sum of 
the three angles is equal to 180**. (Art. 76.) From this, 
taking the angl6 ACS which is 60**, the sum of the remain- 
ing two is 120**. But these two are equals because they are 
subtended by the equal sides CA ajia CS, both radii of the 
circle. Each, therefore, is equal to half 120**, that is, to 
60**. All the angles being equal, the sides are equal, and 
therefore AS, the chord of 60**, is equal to CS the radius. 

3. Let A R be an arc of 45**. AD will be its tangent, and 
the angle ACD subtended by the arc, will contain 45**. The 
angle CAD is a right angle, because the tangent is, by defi- 
nition, perpendicular to the radius AC. (Art. 84.) Subtract- 
ing ACD, which is 45**, from 90**, (Art. 77.) the other acute 
angle ADC will be 45** also. Therefore the two legs of the 
triangle ACD are equal, because they are subtended by equal 
angles; (Euc. 6. 1.) that is. AD the tangent of 45**, is equal 
to AC the radius. 

Cor. The cotangent of 45*^ is also equal to radius. For 
the complement of 45** is itself 45**. Ihus HD, the cotan- 
gent of ACD, (Fig. 5.) is equal to AC the radius. 

96. Tfic sine of 30** is equal to h^lf radius. For the sine 
of 30** is equal to half the chord of 60**. (Art. 82. cor.) 

* Sine* is here put for the square of the sine, cos* for the square of 
the cosioej &cc. 
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But, by the preceding article, the chord of GO^ is equal' ta» 
radius. Its naif, therefore, which is the siae of 30^ is equul^ 
to half radius. 

Cor. The cosine of 60" is equal to half i*adius. For the 
cosine of 6a'> is the sme o£ 30''. (Avt 89.^ 

97. The chord of any arc is a fneoH proportional, between- 
the diameter of the circle, and the vtned sine of the arc. 

I^et ADB (Fig. 6.) be an aic, of m^ich AB is the chord, 
BF the sine, and AF the versed sin«. The ande ABH is a 
right an^'^8, (Euc. 31. 3.) and the tciangles ABH and ABF 
are similar. (Euc. 8. 6.) Therefore, 

AH:AB::AB:AF. 

That is, the diameter is to the chord, as the chord to th» 
versed sine.* 



* Sec note E. 
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THE TRIGOI^METRICAL TABLES: 



A 98 TP^ facilitate the operations m trigonometry, the 
* •*■ sine, tangent, secant, &c. have been calculated^ 
for every degree and minute, and, in some instances, for ev- 
ery second, of a quadrant, and arranged in tables. These 
constitute what is called the Trigonometrical Canon* It is 
not necessary to extend these tables beyond 90^ ; because 
the sines, tangents, and' secants, are of the same magnitude, 
in one of the quadrants of a circle, as in the others. Thus 
the sine of 30® is ejual to that of 150®. (Art. 90.) 

99. And in any mstance, iS-we have occasion for the sine, 
tangent, or secant of an obtuse angle^ we may obtain it, by 
looKing for Its equal, the sine, tangent, or secant of the sup*- 
pUmentary acute angle, 

100. The tables are calculated for a circle whose radius 
IS supposed* to be a unit. It may be an inch, a yard, a mile, 
or any other denomination of length. But the sines^ tan-- 
gents^ fcc. must always be understood to be of the same de- 
nomination as the radius. 

lOr. All the sines', except that of 90^, are less than the 
radius, {Art,. 82, and Fig. 3.) and are expressed in the tables 
6y decimals. 

Thus the sine of 20^ is 0.34202, of 60« is 0.86603, 

of .10^ is 0.64279, of 89 « is 0.99985, Sec. 

When the tables are intended to be very exact, the deci- 
mal is carried to a greater number of places. 

The tangents of all an2;Ies less than 45° arc ato less than 
radius. (Art. 95.) But ihe tangents of angles greater than 
4-5**, are greater than radius, and are expressed by a whole 
number and a decimal. It is evident that all the secants also 



* For the corhntniction of the Canon, see one of th« folliow: "^<> 
(ions. 
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must be greater than radius, as thej extend from the centre, 
to a point without the circle. 

102. The numbers in the tables here spoken of, are called 
natural sines, tangents, &c. They express tlie lengths of the 
several lines which have been defined in arts. 82, 83, &c. 
By means of them, the angles and sides of triangles may be 
accurately determined. But the calculations must be made 
by the tedious processes of multiplication and division. To 
avoid this inconvenience, another set of tables has been pro- 
vided, in y^hich are inserted the logarithms of the natural 
sines, tangents, fcc. By the use of these, addition and sub- 
traction are made to perform the office of multiplication and 
division. On this account, the tables of logarithmic, or as 
they are sometimes called, artificial sines, tangents, Slc. are 
much more valuable, for practical purposes, than the natural 
sines, &c. Still it must be remembered, that the former are 
derived from the latter. The artificial sine of an angle, is 
the logarithm of the natural sine of that angle. The artifi- 
cial tangent is the logarithm of the natural tangent, he, 

103. One circumstance, however, is to be attended to, in 
comparing the two sets of tables. The radius to which the 
natural sines, &c. are calculated, is unity. (Art. 100.) The 
secants, and a part of the tangents are, therefore, greater tlian 
a unit; while the sines, and another part of the tangents, are 
less than a unit. When the logarithms of these arc taken, some 
of the indices will be positive, and others negative ; (Art. 9.) and 
the throwing of them together in the same table, if it does 
not lead to errour, will at least be attended with inconve- 
nience. To remedy this, 10 is added to each of the indices. 
(Art. 12.) They are tlien all positive. Thus the natural 

sine of 20® is 0.34202. The logarithm of this isT.53405. 
But the index, by the addition of 10, becomes 10— 1=9. 
The logarithmic sine in the tables is therefore 9.53405.* 

Directions for taking Sines ^ Cosines ^ 4'^. from the tables, 

104. The cosine, cotangent, and cosecant of an angle, are 
the sine, tangent, and secant of the complement of the angle. 
(Art. 69.) As the complement of an luigle is the difference 
between the angle and 90®, and as 45 is the half of 90; if 
any given angle within the quadrant is greater than 45®, its 

* Or the tables may be supposed to be calculated to the radius 
10000000000, wliO!5e logarithm is 10. 
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complemeiit is less ; and, on the other hand, if the angle is 
less tnan 45^, its complement is greater. Hence, every co- 
sine, cotangent, and cosecant of an angle greater than 45®, 
has its equal, among the sines, tangents, and secants of an- 
gles less than 45^, and v. v. 

Now, to bring the trigonometrical tables within a small 
compass, the same column is made to answer for the sines 
of a number of angles above 45®, and for the cosines of ^ 
equal number bdow 45®. 

Thus 9.23967 is the log. sine of Al®, and the cosine of 80®, 

9.53405 the sine of 20®, and the cosiiie of 70®, &c. 

The tangents and secants are arranged in a similar man- 
ner. Hence, 

105. To find the Sine. Cosine^ Tangent j 6fc. of any num* 
btr of degree and minutes. 

If the gi^en angle is less than 45®, look for the degrees at 
the top ofthe table, and the minutes on the left ; then, oppo- 
site to the minutes, and under the word sine at the head of 
the column, will be found the sine ; under the word tangent, 
will be found the tangent ; &z;c. 

Thclog.sin of 43«» 25'is 9.83715 The tan of 17® 20'is 9.49430 

ofl7«20' 9.47411 of 8«4G' 9.18812 

The cos of 1 7® 20' 9.97982 The cot of 17® 20' 10.50570 

of 8® 46' 9.99490 of 8*46' 10.81188 

The first figure is the index ; and the other figures are the 
decimal part of the logarithm. 

106. If the given angle is between 45® and 90® ; look for 
the degrees at the bottom of the table, and the minutes on 
the right ; then, opposite to the minutes, and over the word 
sine at the foot of the column, will be found the sine ; over 
the word tangent, will be found the tangent, &:c. 

Particular care must be taken, when the angle is less than 
45®, to look for the title of the column, at the top, and for 
the minutes, on the lift ; but when tlie angle is between 45® 
SLud 90®, to look for the title of the column, at the bottom^ 
and for the minutes, on the right. 

The log. sine of 81® 21' is 9.99503 
The coane of 72® 10' 9.48007 
The tangent of 54® 40' 10.14941 
The cotangent of 63® 22' 9.70026 
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107. If the given angle is greater than 90*>, look for •the 
sine, tangent, &c. of its supplement. (Art. 08, 99.) 

The log. sine of 96«> 44' is 9.99699 
The cosine of 171«>,A6' 9.99494 
The tangent of 130o 26' 10.06952 
The cotangent of 156o 22' 10.35894 

108. To find the «nc, cosiney tangent ^ S^e. of any number 
t>f degrees J minutes^ and seconds. 

In the common tables, the sine, tangent, &c. are given, on» 
]y to every mini^e of a degree.* But they may be found to 
seconds^ by taking proportixmal parts oi the difference of tjie 
numbers as they stand in the tables. For, within a single 
minute, the variations in the sine, tangent, &c. are neariy pro- 
portional to the variations in the an^e. Hence, 

To find the sine, tangent, &c» to seconds : Take out the 

number corresponding to the given degree and minute ; and 

also that corresponding to the next greater minute, and find 

their difference. Then state this.proportion ; 

As 60, to the ^ven number of seconds ; 

So is the difference found, to the correction for the seconds. 

This correction, in the case of sioes, tangents, and secan(% 
js to be added Xo the number answering to the given degree 
and minute ; but for cosines, cotangents, and cosecants, the 
correction is to be subtracted. 

For, as the sines increasey the cosines decrease. 

Ex. 1. What is the logarithmic sme of 14* 43' 10"? 

The sine of 14<> 43' is 9.40490 
of 140 44' 9.40533 
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Here it is evident, that the sine of the required angle is 
^eatcr than that of U'^ 43', but less than that of U*" 44'. 
And as the difference corresponding to a whole minute or 
CO" is 48; the difference for 10" must be a proportional part 
oi 48. That is, 

60" : 10" : : 48 : 8 the correction to be ad- 

ded to the sine of 14'' 43'. 

^ lo the very Taluable tables of Mtchacl Taylor, the sioes and taii- 
Ti^ents 4irc girca to tvety second. 



TABLES. 48 

Therefore the dine of U^ 45' 10" b 940498 

2. What is the logarithmic cosine of 32^ 16' 45' ? 

The cosine of 32^ 16' is 9.92715 
of 32« IV 9.92707 



Difference 8 



Then 60" : 45" : : 8 : 6 the correction te be stibiraet' 
ti from the cosine of 32^ 16'. 

Therefore the cosine of 32<' 16' 45" is 9.92709 

The tangent of 24* 15' 18" is 9.65376 

The cotangent of 31 <" 50' 5 ' is 10.20700 

The sme of 58'> 14' 32 ' is 9.92956 

The cosine of BB"* 10' 26" is 9.75670 

If the giren number of seconds be any even part of 60, 
as -I, -I, ^, &c. the correction may be found, by taking a like 
part of the difference of the numbers in the tables, without 
stating a proportion in form. 

109. To prid the degrees and minutes belonging to any giv' 
en sine^ tcmgenty Sfc. 

This is reversing the method of finding the sine, tangent, 
&c. (Art. 105, 6, 7.) 

Look in the column of the same name, for the sine, tan- 

fent| &c. which is nearest to the given one ; and if the title 
e at the head of the column, take the degrees at the top of 
the table, and the minutes on the left; but if the title be at 
the foot of the column, take the degrees at the bottom^ and 
the minutes on the risht. 

Ex. 1. What is the number of degrees and minutes be- 
longing to the lo^ithmic sine 9.62863 ? 

The nearest sme in the tables is 9.62865. The title of 
sine is at the head of the column in which these numbers are 
found. The degrees at the top of the page are 25, and 
the minutes on the left are 10. Tne angle required is, there- 
fore, 25^ 10- 

The angle belonging to 

the sine 9.87993 is 49' 20' the cos 9.97351 is 19' 48' 
the tan 9.97955 43' 39' the cotan 9.75791 60' 12' 
the 4ec 10.65396 77' 11' the cosec 10.49066 18' 51' 

H 
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110^ To find the degreeSf mintUes^ and seconds belonging' 
to any gioen sine^ tangent, Sfc, 

This is reversing the method of finding the sine, tangsnt, 
&c. to seconds, (Art. 108.) 

First find the difference between the sinie, tangent, faCr 
next greater than the given one, and that which is next less j 
then the diffei'^nce between this less number and the given- 
one; Then 

As the difference first found^ is to the other difference ; 

So are 60 seconds, to -the number of seconds, which, in the 
case of sines, tangents, and secants, are to be added to the 
degrees and minutes belonging to the least of the two num - 
bers taken from the tables ; but for cosines, cotangents, and^ 
cosecants, ££re to be svAtractedi 

Ex. 1. What are the degrees, minutes, and seconds, be- 
Ibnging to the logarithmic sine 9.40498 i 

Sine next greater 14^ 44' 9.40538 Given sine 9.40498 
Next less 14*^ 43' 9.40490 Next kss 9.40490 



Bifference 48 Difference 8 



Then 48 : 8 : : 60" : 10 ',. which added to 14^ 4S' 
gives 14^ 43' 10 " for the answer. 

3. What is the angle belonging to the cosine 9.09T73 1 

Cosine next greater 82<> 48' 9.09807 Given eosine 9.09773 
Next less 82^ 49' 9.09707 Next less 9.097OT 



difference 100 Difference 86 



Then 100 : 66 : : 60" : 40", which subtracted from 
82* 49', gives 82<^ 48' 20" for the answer. 

It naust be observed here, as in all other cases, that of the 
two angles, the less has the greater cosine. 

The angle belon^ng.to 

the sin 9.20621 is 9*> 15' 6" the tan 10.43434 is 69*48' 16'' 
the cos 9.98157 160 34' 30" the cot 10.33554 24* 47' 16" ,^ 

Method of supplying the Secants and Cosecants. 
111. In som« trigonometrical tables, the secants and eo* 
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secants arc not inserted. But they may be easily obtained 
.'from the sines and cosines. For, by art. 93, proportion 3d, 

cos X sec =^ 

That is, the product of the cosine and secant, is equal to 

fthe square of radius. But, in logarithms, addition takes the 

place of multiplication ; and, in the tables of logarithmic 

sines, tangents, &c. the radius is 10. (Art. 105.) ThercfoEe, 

.in these tables, 

cos+sec=20. ' Or sec ==20—0011. 

Again, by art. 93, -proportion 6, 

sinxcosec=R*. 

Therefore, in- the tables, 

sin+<5osec=20. Or cosec=20— sin. Henoe, 

112. To obtain the secant, subtract the cosine from 20 j 
and to obtain the cosecant, subtract the sine from 20. 

These subtractions are most easily performed, by taking 
the right hand figure from 10, and the others from 9, as in 
. finding the arithmeticil complement of a logarithm ; (Art. 
55.) observing, however, to add 10 to the index of the secant 
or cosecant. In fact, the secant is the arithmetical comple- 
ment of the cosine, with 10 added to the index. 
For the secant =20— cos , 

And the ar. comp. of cos =10— cos (Art. 54^) 
So also the cosecant is the arithmetical complement of 
the sine, with 10 added to the index. The tables of secants 
and cosecants are, therefore, of use,4n furnishing the arith- 
me^ai complement of the sine and cosine, in the following 
-simple manner; 

113. For the arithmetical complement of the sine, sub- 
tract 10 from the index of the cosecant; and for the arith- 
metical complement of the cosine, subtract 10 from the in- 
dex of the secant. 

By this, we may save the trouble of taking each of.lh€ 
^ figures from 9. 
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jj^ TN a triangle, there are six parts, three sides, 
' -*- and three angles. In every trigonometrical 
calculation, it is necessary that some of these should be 
known, to enable us to find the others. The number of parts 
which mttst be given is three, one of which must be a side* 

If only two parts be given, they will be either two sides, a 
side and an an^, or two angles ; neither of which will limit 
the triangle to a pai*ticular form and size. 

If two sides only be given, they may mtdce any ancle with 
each other; and may, therefore, be we sides of atbgusand 
different triangles. Thus the two lines a and b (Fig. 7.) may 
belong cither to the triande ABC, or ABC, or ABC". So 
that it will be impossible, from knowing two of the aides of a 
triangle, to determine the other parts. 

Or, if a We and an angle only be given, the triangle wilt be 
indeterminate. Thus, if the side AB (Fie. 8.) and the angle 
at A be ^ven; they may be parts either of the triangle ABC, 
or ABC , or ABO'. 

Lastly, if two angles, or even if all the angles be given, they- 
will not determine the length of the sides. For the triwgieft. 
ABC, AB'C', A"B"C", and a hundred others which m^t 
be drawn, with sides parallel to these, will all have the same 
angles. So that one of the parts given must always be IK 
side. If this and any other two parts either sides or ^nglea 
be known, the other three may be found, as mil be shown, ia 
this and the following section. 

115. Triangles are either right angled or oblique angled. 
The calculations of the former are the most simple, and 
"those which we haire the most frequent occasion to make. 
A great portion of thl^ problems in the mensuration of heighti 
and distances, in surveying, navigation and astronomy, are 
€olved by rectangular trigonometry. Any triande whatever 
may be divided into two right angled triangles, by drawing a 
perpendicular from one of the angles to the opposite aide* 
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1 16. One of the six parts in a risbt angled triangle, is al- 
ways given, viz. the right angle. This is a constant Quantity; 
while the other angles and the sides are variable. It is ako 
to be observed, that, if one of the actUe angles is given, the 
other is known of course. For one is the complement of the 
other. (Art. 76, 77.) So that, in a right angled triangle, suJj^ 
trading one of the acute angles from iO^ gives the other. 
There remain then, only four parts, one^f the acute angles, 
and the three sides to be sought by calculation. If any tivo 
of these be given, with the right angle, the others may be 
found. 

117. To illustrate the method of calculation, let a case be 
supposed in which a right angled triangle CAD (Fig. 10.) 
h%s one of its sides equal to the radius to which the trigono- 
metrical tables are adapted. 

In the first place, let the base of the triangle be equal to 
the tabular radius. Then, if a circle be described, with this 
liadius, about the angle C as a centre, DA will be the tangenty 
and DC the secant of that angle. (Art. 84, 85.) So that the 
radius, the tangent, and the secant of the angle at C, consti- 
tute the three sides of the triangle. The tangent, taken 
from the t9.bles of natural sines, tangents, &c. will be the 
length of the perpendicular; and the secant mil be the length 
of the hypotkenuM. If the tables used be logarithmic, they 
will give the logarithms of the lengths of the two'sides. 

In the swie manner, any risht angled triangle whatever, 
whose base is equal to the radius of the tables, will have its 
other two sides K)und among the tangents and secants. Thus, 
if the quadrant AH (Fig. 11.) be divided into portions of 
J 5** each; then, in the triangle 

CAD, AD will be the tan, and CD the sec of 15^, 
In CAD', AD' will be the tan, and CD' the sec of 30^, 
In CAD*' AD" will be the tan, and CD" the sec of 45o, 

[&c. 

118. In the next place, let the hypothenuse of a right an- 
gled triangle CBF (Fig. 12.) be equal to the radius of the 
tables. Then, if a circle be described, with the given radi- 
us, and about the angle C as a centre; BF will be the sine, 
and BC the cosine of that angle. (Art. 82, 89.) Therefore 
the sine of the angle at C taken from the tables, will be the 
length of the perpendicular ^ and the cosine will be the length 
of tne base. 

And any right angled triangle whatever, whose hypothe- 
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nuse IS equal to the tabular radius, will have its other two 
fiides found among the sines and cosines. Thus if the quad- 
rant AH (Fig. lay be divided into portions of 15^ each, in 
ihe points F, F', F", &c. ; then, in the triangle 

CBF, FB will be the sin, and CB the cos, of IS^, 
InCB'F' F'B' wiIlbethesm,andCB' tliecos,of30S 
In CB"F", F"B" will be the sin, and CB" the cos, of 45<>, &c. 

119. By merely turning to the tableSjUien, we may find 
the parts of any right angled triangle which has one of its 
sides equal to the radius of the tables. But for determining 
the parts of triangles which have not any of their sides equal 
to the tabular radius, the following proportion isused: 

mSs the radius of one circle^ 
To the radius of any other ; 
So is a sine^ tangent^ or secant^ in one^ 
To the 5inc, tangent^ or secant j of the same number of 

degreesj in the other. 

In the two concentric circles AHM, ahm, (Fig. 4.) the 
'.ores AG and ag contain the same number of degrees. (Art. 
3'4.) The sines of these arcs are BG and bgy the tangents 
AD and ad, arid the secants CD and ^d. The four triangles 
CAD, CBG, Cad, and Cbg, are similar. For each of them, 
from tlie nature of sines and tangents, contains one right an- 
gle; the angle at C is common to them all; and the other 
^cute angle in each is the complement of that at C. (Art. 
77.) We have, then, the following proportions. (Euc. 4. 8.) 

1. CGiCgiiBG :bg. 

'That is, one radius is to the other, as one sine to the other. 

2. CA:Ca::DA:rfa. 

"Tliat is, one radius is to the other, os^ one tangent to the other. 

3. CA:Ca::CD:G(L 

That is, one.rarliusis to the other, as one secant to the other. 

Cor. BG:bg::l)A:da::CDiCd. [^ 

That is, as the sine in one circle, to the sine in the othcr^ 
so is the tangent in one, to the tangent in the other ; and so 
.is the secant m one, to the secant in the other. 

This is a general principle, which may be applied to most 
trigonometrical calculations. If one of the sides of the pro- * 
.posed triangle be made radius, each of the othier sides wiH 
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%e the sine, tangent, or secant, of an arc described by this- 
>adius. Proportions are then stated, between these lines, 
and the tabular radius, sine, tangent, &c. 

120. A line is said to be mam radius, when a circle is de- 
scribed, or supposed to be described, whose semidiameter is 
equal to the line, and whose centre is at one end of it. 

121. In any right anded triangle, tf the hypothenuse be 
made radius, one of the legs will be a sine of its opposite an- 
gle^ and the other leg a cosine of the same angle. 

Thus, if to the triangle ABiC (Fig. 14.) a circle be appli- 
ed, whose radius is AC, and whose centre is A, then BC will 
be the sine, and BA the cosine, of the angle at A. (Art.82,89.) 

If, while the same line is radius, the other end C be made, 
the centre, then BA will be the sine, and BC the cosine, of 
the angle at C. 

122. If either of the legs be made radius, the other leg will 
he a tangent of its opposite angle, and the hypothenuse unit 
be a secant of the same angle; that is, of tlie angle between 
the secant and the radius.. 

Thus, if the base AB (Fig. 15.) be made radius, the centre 
being at A, BC will be the tangent, and AC the secant, oC 
the angle at A. (Art. 84, 85.) 

But, if the perpendictdar BC (Fig. 16.) be made radius, 
frith the centre at C, tJien AB will be the tangent, and AC 
the secant, of the angle at C. 

123. As the side which is the sine,*tangent, or secant of 
one of the acute angles, is the cosine, cotangent, or cosecant 
of the other; (Art. 89.) the perpendicular BC (Fig. 14.) is 
the sine of the angle A and the cosine of the angle C ; while 
the base AB is the sine of the angle C, and the cosine of the 
angle A. . 

If the base is made rStdius, as in Fig. 15, the perpendicular 
BC is the tangent of the angle A, and the cotangent of the 
angle C f while the hypothenuse is the secant of the apgle A, 
and the cosecant of the angle C. 

If the perpendicular is made radius, as in Fig. 16, the base 
AB IS tlie tangent of the angle C, and the cotangent of the 
angle A ; while the hypothenuse is the secant of the angle C^ 
and the cosecant of the angle A. 

124. Whenever a right angled triangle is proposed, whose 
sides or angles are required ; a similar triangle may be form- 
ed, from the sines, tangents, &;c. of the tables. (Art. 1 17, 118.) 
The parts required are then found, by stating proportions 
between ths similar sides of the two. triangles. If the trian- 
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pie propojpil be ABC. (Fig. 17.) another ahc may be form 
tul, liavinj; the sanio angles with the first, but diftering from 
it in the loiigth of its sides, so as to correspond witli the num- 
bers in the tiibles. If similar sides be made radius in both, 
tlio n inaininj similar sides will be lines of the same name; 
thai i?, if the perpendicular in one of the triangles be usine, 
th.e perpendicular in the other will be a sine ; if the base in 
one be a cosine^ X\\6 base in the other will be a cosine, &c. 

If the hi/pothenuse in each triangle be made radius, as in 
Fig. 14, the perpendicular be will be the tabular sine of the 
r.ivi;:e at a; and the perpendicular BC will be a sine of the 
equal angle A, in a circle of which AC is radius. 

If the base in each triangle be made radius, as in Fig. 15^ 
then the perpendicular be will be the tabular tangent of the 
angle at a ; and BC will be a tangent of the equal angle A, 
in a circle of which AB is radius, &c. 

125. From the relations of the similar sides of these tri- 
angles, are derived the two following theorems^ which are suf- 
ficient for calculating the parts of any right angled trian^e 
whatever, when the requisite data are furnished. One is used, 
when a side is to be found ; the other, when an angle is to be 
found. 

i Theorem I. 

126. When a side is required ; 

^is the tabular sine, tangent, fyc, of ikt 
same name with the given side. 

To the given side; 

So is the tabular sine, tangent, fye. of the 
same name with the required side^ 

To the required side. 

It will be readily seen, that this is nothing more than 8 
statement, in general terms, of the proportions between the 
similar sides of two triangles, one proposed for solution, and 
the other formed from the numbers in the tables. 

Thus if the hypothenuse be fiven, and the base or per- 
pendicular be required; then in t ig. 14, where ac is the tab- 
ular radius, be the tabular sine of a or its equal A, and ab ibm 
tabular sine of C ; (Art. 124.) 

ac : AC : : Jc : BC, that is, R: AC::Sin A;BC- 
flc:AC::ai:AB R:AC::SinC:AB. 
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In Fiff. 15, where ab is the tabular radius, ac the tabidar 
secant m A, and be the tabular tangent of A; 

«r:AC::6c:BC, thatis, Sec A:AC::Tan A:BC. 
ae:AC::ab:AB Sec A:AC::R: AB. 

In Fi& 16, where be is the tabular radius, ae the tabular 
secant of C, and ab the tabular tangent of C ; 

flc:AC::&c:BC,thatis, Sec C: AC ::R:BC. 
ac:AC::ab:AB Sec C:AC ::Tan C: AB 

Theorem II. 

127. When an angle is required; 

«^< the given side made radius^ 

To the tabular radius ; 

So is another given side^ 

To the tabular sine^ tangent j ^c. of the same name. 

Thus if the side made radius, and one other side be giv^en, 
then in F*ig. 14, 

AC:ac::BCiJc, thatis,AC:R::BC:Sin A. 
AC :ac::AB:ab AC:R::AB:Sin C. 

In Fig. 15, 

AB : ai : : BC : ic, that is, AB:R::BC:Tan A. 
AB:ab;:AC:ac AB:R::AC: Sec A. 

In Fig. I6j 

BC:&c::AB:aJ, thatis,BC:R::AB:TanC. 
BC:bc::AC:ac BC:R::AC:Sec C. 

It will be obserred, that in these theorems, anghs are not 
introduced, though they are amons the quantities which are 
either given or required, in the calculation of triandes. But 
the tabular sines, tangents, &c. may be considered we rq^e^ 
sentatives of angles,' as one may be found from the other, by 
merely turning to the tables. 

126. In the theorem for finding a side^ the first term of 
the proportion is a tabular number. But, in the theorem for 
findmg an angie, the first term is a side. Hence, in applying 
the proportions to particular cases, this rule is to be observed. 
To find a side, begin xjoith a tabular number^ 
To find an angle, begin mth a side, 
Radius is to be reckoned among the tabular numbers. 
I 
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'There must be given, in a ri^ht angled triangle, two of the 
rparts, besides the right angle. (Art. 116.) These may be.,; 

1. The hypothenuse and an angle ; or 

2. The hypothenuse and a leg; or 
^3. A leg and an angle ; or 

4. The two legs. 

"Case!. 

134. Given i '^ ^JPothenase, ) .^^ C The base a«d 
(^ And an angle ; y I rerpendicular. 

Ex. 1. If the hypothenuse AC (Fig. 17*.*) be 45 miles, 
and the angle at A 32^ 20', what is the length of the base 
AB, and the perpendicular BC ? 

In -this case, as sides only are required, any side may be 
made radius. (Art. 130.) 

K the hypothenuse. be made radius, es in Fig. 14, BC will 
be the sine of A, and AB the sine of C, or the cosine of A. 
(Art. .121.) And if abc be«a similar triangle, whose hypoth- 
enuse IS equal to the tabular radius, be will be the tabulsa: 
sine of A, and ab the tabular sine of C. (Art. 124.) 

To find the perpendicular, dien, by Theorem :I, .we have 
this proportion ; 

ne : AC ::bc: BC. 
Or R:AC::SinAr»C. 

Whenever the terms Radius, Sine, Tangent, ficc. occur in 
a proportion like this, the tabxdar Radius, &c. is to be under- 
stood, as in arts. 126, 127. 

The numerical calculation, to find the length of BC, may 
be made, either by natural sines, or by logarithms. Sec 
art. 131- 

Sff natural Sines. 
1 : 45 : : 0.53484 : 24.068 =BC. 

Computation byjitogarithms^ 

As Radius 10.00000 

To the hypothenuse 45 1.65321 

So is the Sine of A 32^ 20' 9.72823 



To the perpendicular 24.038 1.38144 

^^ Tho parts which are given are distinguished by a mark across the 
iine, or at the opening of the angle, and the parts required , by a cipher. 
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Here, the logarithms of the second and third terms are 
added, and from the sum, the first term 10 is subtracted. 
(Art. 132,) The remamder is the logarithm of 24.068 =BC. 

Subtracting the angle at A from 90^, we have the angle at 
C=57^ 40'. (Art. il6.) Then, to find the base AB ; 

ac : AC ::ab: AB 
Or R:AC::SinC:AB 

By natural Sities. 
1 : 45 : : 0.84495 : 38.023 =AB 

Computation hy Logarithms. 

As Radius 10.00000 

To the hypothenuse 45 1.65321 

So is the Sine of C 57^ 40' 9.92683 



To the base 38.023 1.58004 



Both the sides required are now found, by making the hy- 

Eothenuse radius. The results here obtained may be verified, 
y making either of the other sides radius. 
If the base be made radius, as in Fig. 15, the perpendicu- 
lar will be the tangentj and the hypothenuse the secant of the 
angle at A. (Art. 122.) Then, 

SecA:AC:.R:AB 
R:AB::Tan A:BG 

By making the arithmetical calculations, in these two pro- 
portions, the values of AB and BC will be found the same 
as before. 

If the perpendicular bei made radius, as in Fig. 16, AB will 
be the tangent, and AC the secant of the angle at C. Then, 

SecC:AC::R:BC 
R:BC::TanC:AB 

Ex. 2. If the hypothenuse of a right angled triangle be 
250 rods, and the angle at the base 46^ 30' ; what id the 
length of the base and perpendicular ? 

An& The base is 172.1 rods, and the perpendic. 181.35. 
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Case II. 

1 -ic r':««*, S The hypothenuse, > . ^^ i ( The angles and 
135. Given J ^^ ^^^^ j^g ' J to find J ^^^ ^^^^ j^^^ 

Ex. 1. If the hypothenuse (Fie. 18.} be 35 leagues, and 
the base 26 ; what is the length of the perpendicular, and the 
quantity of each of the acute angles? 

To find the angles it is necessary that one of the given 
sides be made radius. (Art. 130.) 

If the hypothenuse be radius, the base and perpendicular 
will be sines of their opposite angles. Then, by Theorem 11; 

AC:R::AB:SinC 

As the hypothenuse 35 1 .54407 

To radius 10.00000 

So is the base 26 1.41497 



To the Sine of C 47 <> 581' 9.87090 



Here, the first term is subtracted from the third, after the 
index is increased by 10. (Art. 132.) The remainder is the 
logarithmic sine of 47^ 58^', which subtracted from 90^, 
2^yes the other acute an^e 42^ 1|'. 

Then to find the perpendicular by Theorem I ; 

R:AC::SinA:BC 

As Radius 10.00000 

To the hypothenuse 35 1.54407 

So is the Sme of A 42^ 1^' 9.62572 

To the perpendicular 23.43 1.36979 

If the base be radius, the perpendicular will be tangent^ 
and the hjrpothenuse secant of the angle at A. Then, 

AB:R::AC:SecA 
R:AB::TajiA:BC 

In this example, where the hjrpothenuse and base are giv- 
en, the aneles can not be found by making the perpendicular 
radius. For to find an angle, a given side must be made ra- 
dius. (Art, 130.) 
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136. Ex. 2. If the hypotbennse (Fi^. 19.) be 54 miles, 
and the perpendicular 48 miles, what are me angles, and the 
base ? 

Making the hypothenuse radios. 

AC:R::BC:SinA 
R:AC::SinC:AB 

The Jiumerical calculation will giv.e A=62^ 44', and 
AB =24.74. 

Making the perpendicular radius. 

BC:R::AC:SeGC 
R:BC::TanC:AB 

The angles can not be found by making the hose radius, 
iwhen its length is not given. 

Case III. 

Ex. 1. If the base (Fig. 20,) be 60, and the angle at the 
' base 47^ 12', what is the length of the hypothenuse and the 
j)erpendicular ? 

In this case, as sides only are required, any side may be ra- 
«dius» 

Makmg the hiffothenuse radius. 

SinC:AB::R:AC 



As the Sine of C 
To the base 
So is Radius 



420 48' 
60 



To the hypothenuse 89.31 

To find tbe pexpendieulafu 
R:AC::SinA:BC 



9,83215 
1.77815 
10. 

1.94600 



As Radius 

To the hypothenuse 

So is the Sine of A 



88.3^1 
470 12' 



to. 

1.94600 
9.86554 



To the perpendicular 64.8 



1.81154 
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Making the base radius. 

R:AB::SecA:AC 
R:AB::TanA:BC 

Making the perpendicular radiiuu 

TanC:AB::R:BC 
R:BC::SecC:AC 

138. Ex. 2. If the perpendicular (F\^. 21 .) be 74, and 
the angle C 61^ 27', what is the lengtn oT the base and the 
hypothenuse f 

Making the hypothenuse radius. 

Sin A:BC::R:AC 
R:AC::SmC:AB 

Making the base radius. 

TanA:BC::R:AB 
R:AB::Sec A:AC 

Making the perpendicular radius. 

R:BC::SecC:AC 
R:BC;:TaiiC:AB 

The hypothenuse is 154.83 and the base 136; 

Case IV. 

139. Given \ The base, and > g^^ j The hypothenuBe, 
I Ferpendicular ) ( And the angles. 

Ex. 1« If the base (Fig. 22,) be 284, and the perpendic- 
ular 192, what are the angles, and the hypothenuse ? 

In this case, one of the legs must be made radius, to find 
an angle ; because the hypothenuse is not given. 

Making the base radius. 

AB:R::BC:Tan A 

As the base 284 2.45332 

To radius la. 

So is the perpendicular 192 2.28330 



To tlie tangent of A 34« 4' 9.82998 



64 RIGHT ANGLED 

To find tbe h3rpothenuse. 
R:AB::SecA:AG 



As Radius 




10. 


To the base 


284 


2.45332 


So is the Secant of A 


34^4' 


10.08177 



To the bypothenuse 342.84 2.53509 

Making the perpendicular radius. 

,BC:R::AB:TanC 
R:BC::SecC:AC 

Ex. 2. If the base be 640, and tbe perpendicular 480, 

what are the angles apd bypothenuse.'^ 

Ans. The bypothenuse is 800, and the angle at the base 
360 52' 12". 
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1. Given tbe b^'potbenuse, 60,''''iand the angle at tbe base 
39^ 17'; to find the^b^ and perpendicular. 

2. Given the bypotbenuse 850, and tbeliase 594, to find 

the angles, and tbe perpendicular. 

3. Given the bypothenuse 78 and perpendicular 57, to find 

the base, and the angles. 
f' 4. Given the base 723y and the angle at the base 64*^ 18', 
to find the bypothenuse and perpendicular. 

5. Given tbe perpendicular 632, and the angle at the ^ase 

81^ 36', to find the bypothenuse and the base. 

6. Given the base 32, and the perpendicular 24^ to find 

the bypothenuse, and tbe angles.* 

140. The preceding solutions are all efiected, by means of 
the tabular sines, tangents, and secants. But, when any tioo 
sides of a right angled triangle are siven. the third side may 
be found, without the aid ot tbe tngonometrical tables, l^ 
the proposition, that the square of the hypoihenuse is equal to 
the sum of the squares of the two perpendicular sides^ (Euc. 
47. 1.) 

If the legs be given, extracting the square root of the sum 
of their squares, will give the bypothenuse. Or, if the hy- 

* See note F. 
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pothenuse and one leg be given, extracting the square root 
of the difference of the squares, will give the other leg. 

Let A=the hjrpothenuse ^ 

o=:the perpendicular > of a right angled triangle. 
6 =x the base ) 

Then h* =b^ +i>S or (Alg» 296.) A= Vb^+p* '" 

By transp.: 6* =A* — j?.*, or 6= Vh* — j»* 

And jp»3SA«-6«, or ' p=z y/h^'^b^ 

Ex. 1. If. the Jbase is 32, and the perpendicular 24, what 

is the hypotfaenuse ? 

*. The square of 32 is 1024 

of 24 is 576 



The sum of the squares is 1600 % 

The root of this sum is 40, the hypothenuse. 

2. If the bypothenuse is lOOjHtnd the base 80, what is the 
perpendicular.'^ 
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The squares of 100 is 10000 
of 80 6400 



'* * 



The difference of the squares is 3600 ' ?• 

^ The root of which is 60, the perpendicular.,.^. 

3. If the bypothenuse is 300, and the perpendicular 220, 
what is the base? 

Ans. 300* -220* =41600, the root of which is 204 nearly. . - - - 

141. It is generally most convenient to find the difference 
of the squares by logarithms. But this is not to be done by 
svhtraction. For subtraction, in logarithl^s, performs the of- 
fice of division. (Art. 41.) If we subtract the logarithm of 
i' from the logarithm of A*, we shall have the logarithm, 
not of the difference of the squares, but of their quoti^^t. '^^ 

There is, however, an indirect, thou^ very simjple n»eth* ^r " 
cd, by which the difference of the squares ma^ 4ie ob- v 
tainea by logarithms/^^ It depends on the principle, that 
the difference of the squares of two quantities iV equal fa 

J 
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the product of the sum and difference of the quantities. (Alg.. 
235.) Thus 

as w9I be seen at once, by performing the multiplication^ 
The two factors may be multiplied by adding their loga- 
rithms^ Hence, 

142. To obtain the difference of the squares of tiBO quanti^ 
tiesj add the logarithm of the sum of the quantities, to the log^ 
arithm of their difference. After the logarithm of the differ- 
ence of the squares is found; the square root of this differ- 
ence is obtained, by dividing the logarithm by 2. (Art. 47.) 

Ex. 1. If the hypothenuse be 75 inches, and the base 45, 
what is the length of the perpendicular f 



Sum of the given sides 
Difference of do. 



Side required 



120 
30 

Dividing by 
60 



log. 2.07918 
1.47712 



2)3.55630 
1.77815 



2. If the hypothenuse is 135, and the perpendicular 108^ 
what is the length of the base ? Ans^ 81.. 
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SOLUTIONS OF OBLIQUE ANGLED TRIANGLES. 



\ 143 TPH-'^ ^es and angles of oblique angled irian- 
, RT. .X gjgg jjjj^y |j^ calculated by the following the- 
orems. 

Theorem I. 

In any plane triangle, the sines of the angles are as their op- 
posite sides. 

Let the angles be denoted by the letters A, B, C, and their 
opposite sides by a, &, e, as in Fig. 23 and 24. From one 
of the angles, Jet the line o be drawn perpendicular to the 
opposite side. This will faU either within or without the tri- 
angle. 

1. Let it fall within as in Fig. 23. Then, in the right an- 
gled triangles ACD and BCD, according to art. 126. 

R:&::Sin A:j? 
R^a,::Sin B :/7. 

Hec«, the two extremes are the same in both proportions^ 
The other four terms are, therefore, reciprocally proportion- 
al: (Alg, 387.*) that is, 

a:&::Sin A: Sin B. 

2. Let the perpendicular j? fall withotU the triangle, as in 
jPig. 24. Then, in the right angled triangles ACD and BCD; 

R : & r: Sin A ip 
R : a ^1 Sin B \p 

Therefore as before, 

a:6::Sin A: Sin B. 

Sin A is here put both for the sine of DAC, andior that 

*Euclid SS. 5. 
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of BAG. For, as one of these angles is the supplement of 
the other, they have the same sine. (Art. 90.) 

The sines which are mentioned here, and which are used 
in calculation, are tabtdar sines. But the proportion will be 
the same, if the sines be adapted to any other radius. (Art. 1 19.) 

Theorem II. .^ 

m 

144. In a plane triangle, 

As the sum of any two of the sides^ 

To their difference; 

So is the tangent of half the sum of the oppo' 

site angles, 
To the tangent of half their difference. 

Thus the sum of AB and AC (Fig. 25.) is to their differ^ 
f nee ; as the tangent of half the sum of the angles ACB 
and ABC, to the tangent of half their difference. 

Demonstration. 

Extend CA to 6, making AG equal to AB ; then C6 is 
the sum of the two sides AB and AC. On AB, set off AD 
equal to AC; then BD is ike difference of the sides AB and 
AC. 

The sunf of the two angles ACB and ABC, is equal to 
the sum of ACD and ADC; because each of Uiese sums is 
the supplement of CAD. (Art. 79^ But, as AC=AD by 
construction, the angle ADC = ACD. (Euc. 5. 1.) There- 
fore ACD is half the sum of ACB and ABC. As AB=:AG, 
the andc AGB=ABG or DBE. Also GCE or ACD = ADC 
— BDE. (Euc. 15. 1.) Therefore, in the triandes GCE 
and DBE, the two remaining angles DEB ana CEG are 
equal ; (Art. 79.) So that CE is peipendicular to BG. (Euc. 
Defl 10. 1.) If then CE is made radius, GE is the tanzent 
of GCE, (Art 84.) that is, the tangent of half the sum of the 
angles opposite to AB and AC. 

If from the greater of the two angles ACB and ABC, 
there be taken ACD their half sum ; the remaining angle 
ECB will be their half difference. (Alg. 341.) The tangent 
of this ande, CE being radius, is EB, that is, the tangent of 
half the difference of the angles opposite to AB and AC. We 
have then. 
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CG==the sum of the sides AB and AC ; 

DB= their difference ; 

6E=the tangent of half the sum of the opposite angles ; 

£B=the tangent of half their difference. 

But, by similar triangles, 

CG:DB::GE:EB Q, E. D. 

Theorem III. 

145. If upon the longest side of a triangle, a perpendicu- 
lar be drawn from the opposite angle; 

As the longest side. 
To the sum of the two others ; 
So is the difference of the latter. 
To the difference of the segments made by the 
perpendicular. 

In the triangle ABC (Fig. 2G.) if a perpendicular be 
drawn from C upon AB; 

AB : CB+CA :: CB-CA :BP-PA* 

DemomtraUon. 

Describe a circle, on the centre C, and with the radius 
BC. Through A and C, draw the diameter LD, and extend 
BAtoH. Then by Euc. 35, 3, 

ABxAH=ALxAD 

And converting the equation into a proportioSi 

AB:AD::AL:AH 

But AD=CD+CA=CB+CA 
And AL=CL-CA=CB-CA 
And AH=HP-PA=BP-PA (Euc. 3. 3.) 

If then, for the three last terms in the proportion, we 8ub« 
stitute their equals, we have, 

AB:CB+CA::CB-CA:PB-PA 

146. It is to be observed, that the greater segment is next 
the greater side. If BC is greater than AC, (Fig. 26.) PB 
is geater than AP. With the radius AC, describe the arc 

* See note G. 
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AN. The segment NP=AP. (Euc 3. 3.) But BP is great- 
er than NP. 

147. The two segments are to each other, as the tangents 
of the opposite an^es, or the cotangents of the adjacent an- 
gles. For, in the right angled triangles ACP and BCP, 
(Fig. 26.) if CP be mlade radius, (Art. 126.) 

R:PC,:TanACP:AP 
R:PC::TanBCP:BP 

Therefore, by equality of ratios, (Alg. 384.*) 

Tan ACP : AP :: Tan BCP : BP 

That is, the segments are as the tangents of the opposite 
angles. And the tangents of these angles are the cotangents 
of the adjacent angles A and B. (Art. 89.) 

Cor. The greater segment is opposite to the greater aa- 
^le. And of the andei at the base, the less is next the 
greater side. V BP is greater than AP, the angle BCP is 
greater than ACP; and B is less than A. (Art. 77.) 



148. To enable us to find the sides and angles of an ob- 
lique angled triangle, three of them must be given. (Art* 
114.) 

These may be, either 

1. Two angles and a side, or 

2. Two sides and an angle opposite one of them, or 

3. Two sides and the included angle, or 

4. The three sides. 

The two first of these cases are solved by theorem 1, 
(Art 143.) the third by theorem II, (Art. 144.) and &e 
lourth by theorem III, (Art, 145.) 

149. In making the calculations, it must be kept In mind| 
that the greater side is always opposite to the greater angle, 
(Euc. 18, 19. 1.) that there can be only one obtuse angle in a 
triangle, (Art. 76.) and therefore, that the angles opposite te 
the two least sides must be acute, 

^^ Euc 11.5. 
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Case I. 

150. Given, 

Two angles, and > . n^ i The remaining angle, and 
A side, ^ to una ^ rpj^^ ^^j^^^ ^^^ ^j ^^^ 

The third angle is found, by merely subtracting the sum of 
the two which are ffiven from 180^. (Art. 79.) 

The sides are found, by stating, according to theorem I, 
the foUowing proportion; 

As the sine of the angle opposite the given side, 
To the length of the given side; 
So is the sine of the angle opposite the required side, 
To the length of the required side. 

As a side is to be found, it is necessary to begin with a 
tabular number, 

Ex. 1. In the triangle ABC (Fig. 27.) the side b is given 
32 rods, the angle A 56® 20', and the angle C 49** 10', to 
find the angle S, and the sides a and c. 

The sum of the two given angles56®20'+49<>10' = 105<*30'; 
which subtracted from 180^, leaves 74® 30' the angle B. 

Then, 



SinB:& 

Calculation 

As the Sine of B 

To the side 6 

So is the Sine of A 


, . ( Sin A : a 

•"iSinCic 

by loganthms. 

74® 30' a. c. 

32 

56* 20' 

27.64 

74® 30' a. c. 

32 

49® 10' 

25.13 


0.01609 
1.50515 
9.92027 


To the side a 


1.44151 


■i 

As the Sine of B 

To the side b 

So is the Sine of C 


0.01609 
1.50515 

9.87887 


To the side c 


1.40011 



The arithmetical complement used in the first term here, 
may be found, in the usual way, or by taking out the cosecant 
of the given angle, and rejecting 10 from the mdex. (Art. 1 13.) 
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Ex. 2. Given the side h 71, the angle A 107o 6', and &e 
angle C 27^ 40'; to find the angle B, and the sides a and c« 
The angle B is 45« 14'. Then 



^'^H^clt^^ 



When one of the given angles is obtuse^ as in this example, 
the sine of its supplement is to be taken from the tables. 
(Art. 99.) 

» 
Case II. 

151. Given 
Two sides, and ^ to fi 1 ^ '^^^ remaining side, and 
An opposite angle, ) \ The other two angles. 

One of the required angles is found, by beginning with a 
side, and, accordmg to theorem I, stating the proportion. 

As the side opposite tlie given angle, 
To the sine of that angle ; 
So is the side opposite the required angle, 
To the sine of that angle. 

'' The third angle is found, by subtracting the sum of the 
other two from 180^; and the remaining side is found, by 
the proportion in the preceding article. 

152. In this second case, if the side opposite to the given 
angle be shorter than the other given side, the solution will 
be amiiguous. Two different triangles may be formed, each 
of which will satisfy the conditions of the problem. 

Let the side by (Fig. 28.) the angle A, and the length of 
the side opposite this angle be given. With the latter for 
radius, (if it be shorter than i,) describe an arc, cutting the 
line AH in the points B and B'. Th% lines BC andB'C will 
be equal. So that, with the same data, there may be formed 
two different triangles, ABC and AB'C. 

Tlierc will be the same ambiguity in the numerical calciH 
lation. The answer found by tne proportion will be the sine 
of an angle. But this may be the sine, either of the octtfe 
angle AB'C, or of the ohfuse angle ABC. For, BC be- 
ing equal to B^C, the angle CB'B is equal to CBB'. There- 
fore ABC, which is the supplement of CBB' is also the sup- 
plement of CBB. But the sine of an an^le is the same, at 
tJie sine of its supplement. (Art. 90.) The result of the 
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c^'culalidn Will, therefore, be atnbiguoiis. Id pHu^ticey, how- 
ever, there will generally ]}e some circumstance which will 
determine whether the angle required is acute or obtuse. 

If the side ppposite the givea angle be longer than the 
bther given side, the angle which is subtended oy the latter, 
will necessarily be acute. For thete can bei but one obtuse 
angle in a triangle, and this is always subtended by the long- 
est side. (Art. 149.) 

. If the given angle be obtuse, the other two will, of course, 
be acute. There can, therefore^ be no tunbiguity in the so- 
lution. 

Ex. A: Given the anele A (Fig. 28.) 35«^ 20', the oppo- 
site side a SO, and the side b 70; to find the remaining side, 
tuid the other two angled: 

To find the angle opposite to &, (Art. 151.) 
tt:Sin A::&!SmB 

As the side a , 50 . a. c. 8.30103 

To the Sine of A 35 • 20' 9.7G218 

So is the side & 70 1.84510 



To the Suic of B' or B 54o3'50" 6r 125o56'10 " 9.90831 



, 11-11 ) . ... 

The calculation here gives the acute angle AB'C 54<'3'50", 
iad the obtuse angle ABC 125<'56'10". If thfe lattei* be 
added to the angle at A 35^20', the sum will be 161«^l6'l0", 
the supplciment of which 18^ 43' 50" is the angle ACB. 
Then m the triangle ABC, to find the side cs±:AB, 

Sin A : a : : Sin C : t 

As the Sine of A 35o 20' a, c. 0.23782 

To the side a 50 1.69897 

So is the Sine of C iSo 43* 50'^ 9.50665 



To thfc side c 27.76 i. 44345 



if ^e acute angle AB'C 54^ 3' 50" be added to the angle 
at A 35^*20', the sum will be 89*^ 23' 50", the supplement 
of which OO'^ 36' 10" is the angle ACB'. Then, in the 
triangle AB'C, 

Sin A ; CB' : : Sin C : AB' =8«.45 
K 



74 OBLrqUE ANGLfiD 

Ex. 2: Given ^bb Angle at A 63* 35' (Fig. 2di.) the sidcf; 
6 64, and the side a 72; to find the side c, and the angles B* 
and G» 

« : Sin A : J 5 : Sin B =52<^ 45' 25" 
Sin A : er: : Sin C : c=r72.05 

!. The sum of Ae angles A and B is II60 20' 25", the sufw 
plement of whibh eS"" 39' 35" is the ande €. 

lik this example the solution is not atSnguoui, because the 
side opposite the given angle is longer than the other gived' 
side. 

Ex. 3; In a triangle of which the an^esare A, 6, and C, 
and the opposite sides <i, b, and c, as before; if the angle A 
be 121*^40', the oppdsite side a 68 rods, and the side b 4*7 
rods; what arte thtf'^gles B and C, and what is the length of the 
side c? Mm. B i» 36*^' 2' 4", 6 22« It' 56", and c 30.3. 

In thiis example also, the solution is not* ambiguous, be- 
cause the ginen angle is obtuse. 
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153. Given 
Two 

The 



sides, and' T to fi d* ^ ^^^ remaining side, and' 
included angle, y I The other two angles. 

In this case, the angles are found by theorem II. (Art. 
14(k) The required side may be fomfd by theorem I. 

In making the solu'^ns; it will be necessary to obsertre, 
that by subtracting the gives angle ftfom 1^^^ the sum of the 
other two angles is found ;; (Art. 79.) and, that adding half 
the difference of two quantiuBS to their half sum gives the greats 
er quantity^ and sultracting the h(df difference from the half 
sum gives tHe less. (Alg. 341.) The lattier proposition may- 
be geometrically demonstrated thus; 

Let AE (iFig. 32.) be the CTcater of two magnitudes, and' 
BE die less. Bisect AB in L>, and make AC equal to BE« 
Then 

AB is the sum of the two magnitudes; 

CE their difference ; 
' DA or DB half their sum ; 

DE or DC Ao/jr their difference ; 
But DA+DE=AE the greater magnitude ; 
And DB-DE=BE the W 
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^%. 1. In the triangle ABC (FI^. 30.) the angle A is 
given 36^ 14V the side b 39, and the side c 53; to nnd the 
an^es B and C, and the side £7. 

The 9UM of the sides & and c is ^3+393=92, 
And their difference 53 — 39 3= 1 4. 

The 9am of tbe.angles B andX=180«>-26«> 14=4530 4Q' 
And half the sum.otB mid C is 76^ 53' 

Thenjjlyr theorem II, 

(6.+c) : (6-c) : : Tan i(B+C) :Tan KB-.C) 

As the sum of the sides (h+c) 92 a. c. 8.03621 

-To.their difference (h-c) 14 M4613 

So is the tangent of J (B + C) 76 ^ 53^ 1 0.63262 

To the tangent of |(B -C) 33^ 8' 50" 9.81496 

To and from the half sum 76<^ 53' 

Addmg and subtracting the half differonce 33 8 50 

'We have the greater angle 110 1 50 

And the less angle 43 44 10 



■»•■ 



As the greater of &e two given ^sides is c, the greater an- 
.gle is C, wd the less loigle B. (Art. 149.) 

To find the side a, by theorem I, % 

Sin B-: 6:: Sin A:a 

As the Sine of B 43^ 44' 1 0" a. c. 0. 1 6031 
To the side b 39 1.59106 

So is the Sine of A 26<> 14' 9.64545 



To the side a 24.94 1 .39682 



Ex. 3. Given the angle A 101 «> SO' the side b 76, and 
the sidec 109 ; to find the angles B and C, and the side a. 

B is 30^ 57|', C 47<» 32f , and a 144.8. 
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Case IV. 

154. Given the three sides, to find the angles. 

in this case, the solutions may be made, by drawing ?,Ef?' 
pendicuiar to the longest side, from the opposite angle. This 
will divide the given triangle into two rtgq$ angled triangles. 
The two segments may be lound by theorem l)l. (Art. 145.) 
There will then be given, in each of the right angled triany 
jgles, the byppthenu3e and one of the legs, from^ which the 
angles may be determined, by rectangular trigonometry. 
(Art. 135.) 

Ex. 1. In the triangle ABC (Fig. 31.) the ^ide AB is 39, 
AC 35, and BC 27. What are the angles ? 

Let a perpendicular be draWn from C, dividing the long- 
est side AB into the two segments AP and BP. Then by 
theoreip III, 

AB:AC+BC::AC-BC:AP-BP 

As the longest side 39 a. c. 8.40894 

To the siipi of the two others 62 1 .79239 

So is the difference of the latter 8 0.90309 

To the difference of the segipents 12.72 1.1044JE 

• •■'." ' • 

The greater of the two segments is AP, because it is next 
jthe side AC, which is greater than BC. (Art. 146.) 

To and from half the sum of the segments 19.5- 

Adding and subtracting half jtheir dinerenpe, (Art. 1 53.) 6.36 

We have the greater segnient AP 25.86 

And the less BP 13.14 



Then, in each of the right angled triangles APC and BPC, 
]^e have given the hypothenuse and base ; and by art. 135, 

AC : R : : AP : Cos A =42* 21' 57' 
BC : R : ; BP : Cos B =60^ 52: 42" 

And subtracting the sum of the angles A and B fron^ 
160*, we have the remaining angle ACB=76*> 45' 21". 

Ex. 2. if the three sides of a triangle are 787 ^> &>^ 
{04^ what are the angles? 
' ■ Ahs. 45? 41' 48", 61 *> 43' 27", and 72^ 34' 45'» ' 

fSeenpteH. 
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Examples for Practice. 

). Given the ande A 5AP 30', the angle B GS"" 1(/, and the 
side a 164 rocb; to find the angle C, and the sides h and c. 

2. (liven ^e angle A 45® 6' the oppo||pte side a 93, and the 
side & 108; to find the angles B and C, and the side c. 

3. Givep the angle A 67"^ 24 , the opposite side a 62, and the 
side & 46 ; to find the angles B and C, and the side c. 

' 4. Given the angle A 127® 42', the opposite side a 381, and 
the side & 184 ; to &id the angles B and C, and the side c. 
5. Given the side b 58, the side c 67, and the included angle 
A?=36P; to find the angles B and G, and the side a. 

.^ 6. Given the three sides, 631, 268, and 546 ; to find the angles. 

155. The three thepi^ms demonstrated ip this section^ 
have been here applied to oblique angled triangles only. But 
.they are equally applicable to nght angled triansles. 

Thus, in the triangle ABC, (Fig. 17.) according to theo- 
rem I, (Aft. 143.) 

SinB:AC::SinA:BC 

This is the same proportion as one stated in art. 134, ex- 
cept that, in the first term here, the sine of B is substituted 
' for radius. But, as B is a right angle^ its sine is eqiud to radi- 
us. (Art. 95.) 

Again^ in the triangle ABCy (Fig. 21.) by the same theo- 
rem; 

SipA:BC::SinC:AB 

This is also one of the proportions in rectangular trigo- 
nometry, when the hypothenuse is made radius. 

The other two theorems miglit be applied to the solution 
* of right angled triangles. But, when one of the angles is 
" known to be a right angle, the methods explained in the pre- 
ceding section, are much more simple in practice.* 

* For the applicatioo of Trigonometry to the Mensuration of Heigbtv 
9pd Distances, see NaTigatipin and Sun'eying. 
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^GEOMETRICAL C0NSTRUC130N iW TBIAN- 
GLES, BY THE PLANE SCALE. 



A 15^ npO facilitate the constniction af^ometricd 
ART. 1 ^ X figures, a number of graduated lines are put 
upon the common two feet scale; one side of which is call- 
ed the Plane Setde^ and the other side, Gunter^s Scale. Tihe 
most important of these are the scales of equal partSy 3n4 
the line of chords. In forming a given triangle, or any oth- 
er right lined figure, the parts which must :he made to agree 
^itli the conditions proposed, are the lines^ and the angles. 
For the former, a scale of equal partS:isused ; for the latter, 
a line of chords. 

157. The line on the upper side of the plane scale, is di- 
vided into inches and tenths of an -inch. Beneath this,iOn die 
left hand, are two diagontd scales of equal parts,* divided in- 
to inches and half inches, bj perpoBdicular lines. On Ae 
iar^r scale, one of the inches is divided 4nto tenths, by lines 
which pass obliquely across, so as to intersect the paralleUinei 
which run from right to left. The use of the oblique lines is 
to measure hundredths of an inch, by inclining more ;aiid 
more to the rieht, as they cross each vof the parallels. 

To take on; for instance, an extent of 3 inches. 4 tenths^ 
tmd G hundredths ; * 

Place one foot of the compasses at the intersectioD of the 
firrpendicular line marked 3 with the parallel line marked 6, 
and the other foot at the intersection of the latter with vthe 
oblique line marked 4. 

The other diagonal scale is of the same nature. The 4ir 
visions are smaller, and are numbered from left to right. 

158. In geometrical constructions, what is often required, 
is to make a figure, not cq^tcl to a given one. but only fimiZar. 
Now figures are similar which have equal angles, and the 

• The§e lines ait not represented S the plitc, as the learner is sup- 
p<«ed to have the scale before liim. 
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sides about tlie equal angles proportional. (Iluc. D^f. 1. 6.) 
Thus a land surveyor, in plotting a field, makes the several 
lines in his plan to have the same proportion to each other^ 
as the sideis of the field. For this purpose, a scale of equal 
parts may be used, of any dimensions whatever. If the sides 
of the field are 2, 5, 7, and 10 rods, and the lines in the plan 
are 2, 5, 7, and 10 indiesy and if the an^es are the same in 
each, tbe figures are similar. Che is a copy of the other, up- 
on a smaller scdb. 

So any two right lined figures are similar, if the angles are 
ttiie same in- both, and if the number of smaller parts m each 
side of one, is equal to the number of larger parts in the cor- 
rtfrmonding sides of the other. The several divisions on the 
scale of equal parts maj, therefore, be considered as repre- 
stating any measui'eset lengthy as feet, rods, miles, &c. All 
tint is necessaky is, that the scdl\s be not changed, in the 
construction of the satiie figure ; and that the several divis-^ 
ions and subdivisions be properly proportioned to each othcir. 
If the larger divisions, on the diagonal scale, are units, the 
•mailer ones are tenths and hundredths* If the larger are 
lens, the smaller are units and tenths. 

159. In laying down^an ungle^ of a given number of de« 
ffee^ it is necessary to> measiere liL Now the proper measure 
of ^ angle is an arc of a circle. (Art. 74.) And the mea- 
sure of an arc, where tlie radius is given, is its chord. For 
the chord is the distance, in a straimt line, from one end of 
the arc to the other. Thus the chord AB (Fig. 23.) is a 
measure of the arc ADB, and of the angle ACB. 

To ibrm the line of chords, a circle is described, and the 
lengths of its chords determined for every degree of the 

auadrant. These measures are put on the plane scale, oa 
le line marked CHO.' 

160. The chord of 60* is equal to radius. (Art. 95.) In 
laying down ojr measuring an angle, therefore, an arc must 
be drawn, with a radius which is equal to the extent from 
to 60 on the line of chords. There are generally, on the 
scale, twof lines of chords. Either of these may be used; 
but the angle must be measured by the same line from which 
the radius is taken. 

161. To make an angle, then, of a given number of de- 
grees ; !tVom one end of a straight line as a centre, and 
with a radius equal to the chqfd of 60^ on the line of chords, 
describe an arc of acircle cutting the straight line. From the 
point of intersection, extend the chord of the given number 
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of degrees, applying the other extremity to th6 arc; and 
through the place of meeting, draw the other line from the 
the angular point. 

If the given angle is obtuse^ take from tlie scale the chord 
of half the number of degrees, and apply it twice to the 
arc. Or make iise of the chords of any two arcs whose svm 
is equal to the given number of degrees. 

A right angle may be constructed, by drawing a perpen- 
dicular without using the line of chords. 

Ex; 1; To make an angle of 32 degrees. (Fig. 33.) With 
the point C, in the line CH, for a centre,* and with the chord 
of GO*^ for radius^ describe tlie arc ADF. Extend the chord 
of 32^ from A to B; and through B, draw the line BC. 
Then is ACB ah angle of 32 degrees. 

2. To make an angle of 140 degrees. (Fig. 34.) On the 
Ime CH, with the chord of 60*^, describe the arc ADF ; and 
extend the chord of 10^ from A to D, and from D to B. The 
arc ADB =70<> X 2= 140O. 

On the other hand, 

162. To meaiure dri angle; On the angular point as s 
centre, and with the chord of 60** for radius, describe an arc 
to cut the two lines which include the angle. The distance 
between the points of intersection, applied to the line of 
chords, will give the measure of the angle in degrees. If 
the angle be obtuse^ divide the arc into two parts. 

Ex. I. To measure the angle ACB. (Fig. 33.) Des- 
cribe the arc ADF cutting the lines CH and CB. The dis- 
tance AB will extend 32^ on the line of chords. 

2. To measure the angle ACB. (Fig. 34.) Divide the 
arc ADB into two parts, either equal or unequal, and meir 
sure each part, by applying its chord to the scale. The sum 
of the two will be 140**. 

163. Besides iht lines of chords, and of equal parts, on 
the plane scale; ther^ are also lines of natural .^Vief, tangentti 
and secants, marked Sin. Tan. & Sec. d( semitangents mark- 
ed S. T. of longitude marked Lon. or M. L. of Wiumbs mark-^ 
ed Rhu. or Rum. &c. These are not necessary in trigono- 
mctiical constructions. Some of them ate used in Naviga- 
tion ; mid some of them, in the projections of the Sphere. 

1G4. In Nav^tion, the quadrant, instead of being gradu- 
ated in the usual manner, is divided into eight portions, calK 
ed Rhurnba. The Rhumb line^(^ the scale, is a line of chords, 
divided into rhumbs and qnarter-rhumbs, instead of degrees; 

165. The line of Longitude is intended to show the num* 
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ber of geo^^Tajphical miles in a decree of lon^ude, at differ- 
ent dbtances ironoi the equator, ft is placed over the line of 
chordsi with the numbers in an inverted order : so that the 
figure above shows the length of a degree of longitude, in 
any latitude denoted by the figure belong. Thus at the equa- 
tor, where the latitude is 0, a deeree of longitude is 60 geo- 
graphical miles. In latitude 40, it is 46 miles ; in latitude 60, 
30 miles, &c. 

166. The graduation on the line of secants begins where 
the line of sines ends. For the greatest sine is only equal 
to radius ; but the secant of the least arc is greater than ra- 
dius. 

167. The semtangenU are the tan^nts of hdf the given 
arcs. Thus the semitangent of 20^ is the tangent of lO^'. 
The line of semitangents is used in one of the projections 
of the sphere. 



168. In the construction of triangles , the sides and angles 
which are given are laid down according to the directions in 
arts. 158, 161. The parts required are then measured, accor- 
ding to arts. 158, 162. The following problems correspond wiUi 
the four cases of oblique angled trian^es; (Art. 148.) but 
are equally adapted to right angled triangles. 

169. Pros. I. T%e angles and one side of a triangle be- 
inggiven ; to find, by construction, the other two sides. 

Driaw the given side. From the ends of it, lay off two 
of the given angles. £xtend the other sides till they in- 
tersect; and then measure their lengths, on a scale of equal 
parts. 

Ex. 1. Given the side b 32 rods, (Fig. 27.) the angle A 
56^ 20', and the angle C 49<^ 10'; to constitict the triangle, 
and find the lengths of the sides a and c. 

From a scale of equal parts, make i=32. With the line 
of chords, make, at one end of i, an angle of 56^ 20', and 
at the other end, an angle of 49^ 10'. From A and C, 
draw the lines a and c, till they meet in B. TheirJ^^s, 
on the same scale from which b was taken, wiH|^2$ 
and274. 

2. In a right angled trian^e, (Fig. 17.) given tfa< 

* Sometimes the line of longitade is placed untfer the liae of chords. 

L 
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enuse 90, and tbe angle A 32^ 20', to find the base and per^ 
pendicular. 

Draw the hjpothenuse, and make the angle A equal to- 
32^^ 20'. Extend AB indefinitely, and make the an^le C 
equal to the complement of A ; or let fall a perpendicular 
from C upon* AB. (Euc. 12. 1.). The length of AF will be 
76, of BC 48. 

^ 3. Given the side AC 68j the ang^e A ^24^, and the anr 
gle C 37*^ ; to construct the triangle. 

170. Prob. II. Two sides and an opposite angle being- 
given, to find the remaining side^ and the other two an- 
gles. 

Draw one of the given sides ; from one end of it, lay oST 
the given ande ; and extend a line indefinitely, for the re— 
quired side, r rom tlie other end of the first side, with th^ 
remaining ^ven side for radius, describe an are cutting th^z 
indefinite line. The point of intersection will be the end o ~4 
the required side. 

If the side opposite the given angle be less than the others 
given side, the case will be ambiguous. (Art. 152.) 

Ex. 1. Given the angle A Ca* 35' (Fig. 29.) the sid"* 
b 32, and the side a 36. 

Draw tlie side b 32, make the ai^Ie A 63* 35', and exten 
AB indefinitely. From C, with 36 for radius, describe & 
arc cutting the indefinite line in B, and draw the side a frowaa. 
B to C. The . side AB will be 36 nearly, the angle "B 
52*> 45^' and C 63« 39^'. 

2. Given the an^le A (Fig. 28.) 35<^ 20' ; the opposite 
side a 25, and the side b 35. 

Draw the side b 35, make the angle- A 35^ 20' and extend 
AH indefinitely. From C, with radius 25, describe an arc- 
cutting AH in B and B'. Draw CB and CB^ and two tri* 
andes will be formed, ABC and AB'C, each corresponding 
witn the conditions of the problem. 

3. Given the angle A 116^, the opposite side a 38, and the 
side & 26 ; to construct the triangle. 

171. Prob. IU. Two sides and the included angle being 
given ; to find the other side and angles. 

Draw one of the given sides. From one end of it, lay eff 
the given angle, and draw the other given side. Then con- 
nect the extremities of this and the first line. 

Ex. 1. Given the angle A (Fig. 30.) 26 « 14', the side & 
78, and the side c 106 ; to find B, C, and a. 
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Draw the side cl06, at A make an angle of 26^ 14', draw 
■T) 78, and connect B and C. The side a will be 50, the angle 
B43*44',andCllO«2'. 

2. Given A 86^, b 65, and c 83; to find B,C, and a. 

172. Prob. IV. The three sides being given; to find 
the angles. 

Draw one of the sides, and from one end of it, with an ex- 
tent equal to fhe second side, describe an arc. From the 
other end, with an extent equal to the third side, describe a 
second arc cutting the first; and from the point of intersec- 
tion, draw the two sides. (Euc. 22. 1.) 

Ex. 1. Given AB (Fig- 31.) 78, AC 70, and BC 54; to 
find the angles. 

Draw aS 78, wid from A as a centre, mth 70 for radius, 

describe an arc. From B as a <:entre, with 54 for radius, 

describe another arc cutting the first in C ; and from C to 

the extremities of AB, draw CA and CB. The angles will 

.le A 42*> 22', B 60^ 52'|, and C 76<> 45'^. 

2. (riven the three sides 58, 39, and 46 ; to find the andcs. 

173. Any right lined figure whatever, whose sides ancf an- 
/glcs are given, may be constructed, by laying down the sides 
*n*om a scale x)f equal parts, and the angles from a line of 
Mchords. 

Ex. Given flie sides AB (%. 35.) =:^, BC=22, CD= 
50, DE=12; and the angles B=102o, C = 130«^, D=108^ 
to construct the figure. 

Draw the side AB=20, make the angle B=102®, draw 
BC=r22, make C=130o, draw CD=30, make D=108^ 
draw D£=12, and connect £ and A. 

The last line EA may be measured on the scale of equal 
parts; and the angles E and A, by a line of chords. 



SECTION VI. 



DESCRIPTION AND USE OF GUNTER's SCALE. 



A 174 A ^ expeditious method of solving the prob- 
^' ' -^ lems in trigonometry, and making other log- 
arithmic calculations, in a mechanical, way, has been con- 
trived by Mr. Edmund Gunter. The logarithms of numbers, 
of sines, tangents, &c. are represented by lines. By means 
of these, mmtiplication, division, the rule of three, involu- 
tion, evolution, be. may be performed much more rapidly, 
than in the usual method by figures. 

'The logarithmic lines are generally placed on one side 
otJj of the scale in common use. They are, 
A Ime of artific'l Sines div'd into Rhumbs^ and marked S. R. 
A line of artificial Tangents^ do. T. R.. 

A line of the loi^ithms of nmn&ery, Num. 

A line of artificial Sines ^ to every degree^ SIN. 

A line of artificial Tangents^ do. • TAN:. 

A line of Versed Sines^ V. S. 

To these are added a line of equal paris^ and a line of 
Meridional Parts^ which are not logarithmic. The latter is 
used in Navigation. 

3%e lAne of JSTumlers. 

175. Portions of the line of jyumhers, are intended to rep- 
resent the logarithms of the natural series of numbers 2, 3, 
4, 5, &c. 

The logarithms of 10, 100, 1000, he. are 1, 2, 3, &c. 
(Art 3.) 

If then, the log. of 10 be represented by a line of 1 foot; 
the log. of 100 will oe repres'd by one of 2 feet ; 
the log. of 1000 bjr one of 3 feet; 

the lengths of the several lines being proportional to the cor- 
responding logarithms in the tables. Portions of a foot will 
represent the logarithms of numbers between 1 and 10; 
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«nd portions of a line 2 feet long, the logarithms of num- 
bers between 1 and 100. 

On Gunter's scale, tbe line of the logarithms of numbers 
begins at a brass pin on the left, and ihe divisions are num- 
bered 1, 2, 3, &c. to another pin near the middle. From this, 
the numbers are repeated, 2, 3, 4, &;c. which may be read 
20, 30, 40, &c. The logarithms of numbers between 1 and 
10 are represented by portions of the first half of the line; 
and the logarithms of numbers between 10 and 100, by por- 
tions greater than half the line, and less than the whole. 

176. The logarithm of 1, which is 0, is denoted, not by 
any extent of line, but by d. point under 1, at the comuii.iiCQ" 
me A of the scale. The distances from this poiiit to iiifier- 
ent parts of the line, represent other logarithms, of which 
ihejigures placed over tne several divisions are the natural 
numbers. For the intervening logarithms, the intervals be- 
tween the figures, are divided into tenths, and sometimes in- 
to smaller portions. On the right hand half of tlie scale, as. 
the divisions which are numbered are tens, the subdivisions 
are units. 

Cx. 1. To take from the scale the logarithm of 3.6 ; set 
>ne foot of the compasses under 1 at tlie beginning of the 
cale, and extend the other to the 6th division after the first 
'gure a 

^ ^ For the logarithm, of 47; extend from 1 at the begin- 
ning, to the 7th subdivision after the second figure 4.* 

177. It will be observed, that the divisions and subdivis- 
oiis decrease^ from left to right ; as in the tables of loga" 
^i^Jims^ the differences decrease. The difierence between 
Axe logarithms of 10 and 100 is no greater, than the differ- 
ence between the logarithms of 1 and 10. 

178. The line of numbers, as it has been here explained, 
furnishes the logarithms of all numbers between 1 and 100. 
And if the indices of the logarithms be neglected, the same 
scale may answer for all numbers whatever. For the de- . 
dnud part of the logarithm of any number is the same, as 
that ol the number multiplied or divided by 10, 100,^ 8z». 
(Art. 14.) In logarithmic calculations, the use of the indi- 
ces is to determine the distance of the several figures of the 
natural numbers from the place of units. (Art 11.) But in 
those cases in which the logaritlimic line is commonly used, 

*If flic compasses will not reach the distance required; first opfen 
them so ae to take off half, or any part of the distance, and then the 
remaining part 
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it wiJI not generally be difficult to determine the local Tshie 
of the figures in the result. 

179. We may, therefore, consider the paint under 1 at the 
left hand, as representing the logarithm of 1, or 10, or 100; 
or -^jf, or -f^jfy be. for the decimal part of the logarithm (rf 
each of these is 0. But if the first 1 is reckoned 10, all the 
succeeding numbers must also be increased in a tenfold ra- 
tio ; so as to ready on the first half of the line^ 20, 30, 40^ 
&c. and on the other half, 200, 300, kc. 

The whole extent of the logarithmic line, 
is from 1 to 100, or from O.l to 10, 

or from 10 lo 1000, orfrom 0.01 to 1, 

or from 100 to 10000, &c. or from 0.001 to O.i; See. 
Different values may, on different occasions, be assigned t0 
the several numbers and subdivisions marked on this line 
But for any one calculation, the value must remain the sameL 
Ex. Take from the scale 365. 

As this number is between 10 and 1000, let the^ 1 at tbe 
beginning of the scale, be reckoned 10. Then, from tkii 
point to the second 3 is 300 ; to the 6th dividing Stroke if 
4>0 ; and half way from this to the next stroke is 5. 

180. Multiplication, division, &c. are performed l^fli$ 
line of numbers, on the same principle, as by common togjlr^ 
rithms. Thus^ 

To multiply by this Hne, «dd the logarithms of the tiro 
factors ; (Art 37.) that is, take ofi; with the compasses, tbt 
length of line which represents the logarithm of one of tlie 
factors, and apply tliis so as to extend forward from the ebd 
4\{ that which represents the logarithm of the other factor. , 
The sum of the two will reach to the end of the Kne pepi«- ' 
seiiting the lo^ithm of the product. 

Ex. Muhiply 9 into 8. The extent from 1 to 8, added 
to timt from 1 to 9, wiU be equal to the extent from 1 to 72 
file product. 




>in 42, will iTachto 6 the quoUent ' 

^ Art. i.>.) that is, bv SE tho 1. '".f"" ^^ *^ P^!^5 
/ «'5 »} repeating the loganthm, as man3' times 
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as &ese are units in the index. To involve a quantity on the 
scalie, &en, take in the compasses the linear logaritnm, and 
doubU itf treble it, fyc. according to the index of the propos- 
ed power. 

Ex. 1. Required the square of 0. Extend the compas- 
ses from 1 to 9. Twice this extent will reach to 81 the 
square. 

2. Required the cube of 4. The extent from 1 to 4, re- 
feated Aree tmes^ will reach to 64 the cube of 4. 

183. On the other hand, to perform evolution on the scale; 
take half J one thirds fycof the logarithm of the quantity, ac- 
cording to the index of the proposed root.. 

Ex. 1. Required the square root of 49. Half the ex- 
tent from 1 to 49, will' reach from* 1 te 7 the root. 

2. Required the cube root of 27. One third the distance 
from 1 to 27, will extend from 1 to 3 the root. 

184. The Ride €f Three may be perfonued on the scale, 

Bthe same maimer as in logarithms, oy adding the two mid- 

Ae terms, and from the sum-, subtracting tne first term. 

(^rt 52.) But it is more convenient m practice to begin by 

ilibtracting the first term from one of tne others. If four 

quantities are proportional, the quotient of the first divided 

ly the second, is equal, to the quotient of the third divided 

1^ the fourth. (Alg.^4.> 

a c €f b ^ . 

Thus if a : & : : c : <?, then -r =-^, and— =-7* (Alg. 350.)' 

But in logarithms, vtthtratXion takes the place of division ; 
so that, 

log. a —log. b =:log. c —log. if. Or log. a —log. c =log..6 — log. rf. 
Hence, 

185. On the scale^, f^ difference between the first and second 
terms of a proportion^ is equal to the difference between the third 
and fourth. Or, the difference between the first and third 
terms, is equal to the difference between the second and fourth. 

The difference between the two terms is taken, by extend- 
ing the compasses from one to the other. If the second 
term be greater than the first ; the fourth must be greater 
tfian the third ; if less, less. (A%. 395.*) Therefore if the 
compasses extend forward from left to rights that is, from a 
less number to a greater, from the first term to the second ; 
they must also extend forward from the third to the fourth. 
But if they extend backward^ from the first term to the sec- 

*Euc. 14. 5. 
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ond, they must extend the same way, from the third to the 
fourth. 

Ex. 1. In the proportion 3:8:: 12:32, the extent from 
3 to 8, will reach from 12 to 32 : Or, the extent from 3 to 
12; will reach from 8 to 32. 

2. If 54 yards of cloth cost 48 dollars, what will 18 yards 
cost? 54:48::18:16 

The extent from 54 to 48, wiU reach backwards froni 18 
to 16. 

3. If 63 gallons of wine cost 81 dollarSi what will 35 gal* 
Ions cost? 63:81 ::35:45 

The extent from 63 to 81, will reach from 35 to 45. . 

The Line of Sines. 

• 

186. The line on Gunter's scale marked SIN. is a line of 
logarithmic sines, made to corre^ond with the line of num- 
bers. The whole extent of the line of numhers, (Art 179.) 
is from 1 to 100, whose logs, are 0.00000 and 2.00000, 
or from 10 to 1000, whose logs, are l.OOOOO and 3.00000, 
or from 100 to 10000, whose lo£S. are 2.00000 4.00000^ 
the difference of the indices of the two extreme logarithms 
being in each case 2. 
Now the logarithmic sine of 0«> 34' 22" 41"' is 8.00000 
And the sine of 90<> (Art. 95.) is 10.00000 

Here also the difference of the indices is 2. If then the 
point directly beneath one extremity of the line of numben, 
be marked for the sine of 0^ 34' 22" 41'"; and the point 
beneath the other extremity, fur the sine of 90^; the inter- 
val may furnish the intermediate sines; the divisions on it be- 
in^ made to correq)ond with the decimal part of the loga- 
rithmic sines in the tables.* 

The first dividing stroke in the line of Sines is generally 
at 0^ 40', a little farther to the right than the beginning of 
the line of Numbers. The next division is at 0^ 50'; £en 
begins the numbering of the degrees, 1, 2, 3, 4, &c. from left 
to right. 

*To represent the sines less than S4' 22" 41 '", the scale must be 
extended on the left indefinitely. For, as the sine of an arc approach- 
es to 0, its logarithm, which is nesative, increases without IiiiUL 
(Art. 15.) 
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The line of Tangents, 

I8t. The first 45 degrees on this line are numbered from 
left to right, nearly in the same manner as on the line of 
oines. 

The logarithmic tangent of 0*> 34' 22" 35'" is 8.00000 
And the tangent of Ss^", (Art. 95.) is 10.00000 

The difference of the indices being 2, 4t5 degrees will 
reach to the end of the line. For those above 45^, the 
scale ought to be continued much farther to the right. But, 
as this would be inconvenient, the numbering of the degrees, 
after reaching 45, is carried back from nmt to left. The 
same dividing stroke answers for an arc and its complement^ 
•ne above and the other below 45®. For, (Art.93. Propor.9.) 

tan : R : : R : cot 

In logarithms, therefore, (Art. 184.) 

tan— R=R— cot. 

That is, the difference between the tangent and radius, is 
equal to the difference between radius and the cotangent : in 
other words, one is as much greater than the tangent of 45®, 
as the other is less. In taking, then, the tangent of an arc 
greater than 45®, we are to suppose the distance between 
45 and the division marked with the given number of de- 
grees, to be added to the whole line, in the same manner as 
if the line were continued out. In working proportions, ex- 
tending the compasses back, from the tangent of 45®, must 
be considered the same as carrying them forward in other 
cases. See art. 185. 

Trigon^ometrical Proportions on the Scale. 

188. In working proportions in trigonometry by the scale ; 
the extent from the first term to the middle term o/* the same 
nam/e^ toiU reach from the other middle term to the fourth term. 
(Art 185.) 

In a trigonometrical proportion, two of the terms are the 
lengths of sides of the given triangle ; and the other two are 
tabular sines, tangents, ^. The former are to be taken 
from the line of numbers ; the latter, from the lines of log- 
arithmic sines and tangents. If one of the terms is a secant^ 
the calculation cannot be made on the scale, which has com- 
monly no line of secants. It must be kept in mind that ra* 

M 
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dius is equal to the sine of 90<», of to the tangent of 45*^;: 
(Art. 95.) Therefore, whenever raditis is a term in the pro- 
portion, one foot of the compasses must be set on the end of 
the line of sin^s or of tangents. 

189. The following ej^amples'are takei> from the propor- 
tions which have already been solved by numerical calcula^ 
tion. 

Ex. 1. In Case I of right angled triangles, (Anii34. ex.1*) 

R:45::Sia32**20'^:^ 

Here the third term is a sine; the first term radius b, there-* 
fore, to be considened as the sine of 90^. Then the extent' 
from 90^ to 32^ 20' on the line of sines^ will reacH from 45 
to 24 on the line of numbers. As the compasses are set 
back from 90^ to 32^ 20'; they* must also be set back from 
45. (Art. 165.) 

2. In the same case, if the base be made radius, (PageOO.) 

R:38::Tan32^20':24 

Here, as the third- term is a tangent^ tUe first term radhis is 
tb be considered the tangent of 45**. Then the extent from* 
45« to 32® 20' on the line of tangents, will reach from 38 to 
24 on th^ne of numbers. 

3. If the perpendicular be made radius, (Page 60'.) 

R:24::TanS7*>40':38 

The extent from 45** to 57® 40' on the line of tangents^ 
will reach fronq^^ to 38 on the line of numbers. For the 
tangent of 57® 40' on the scale, look for its complement 32®* 
20'. (Art. 187.) In tliis example, although the compasses 
extend back from 45® to 57® 40'; yet, as this is from a less 
number to a greater, tiSey must extend forward on the line of 
numbers. (Art. 185. 187.) 

4. In art. 135, 35 : R :: 26 : Sin 48® 
The extent from 35 to 26 will reach from 90® to 48®. 

5. In art. 136, R : 48 : : Tan 27®| : 24| 
The extent from 45® to 27®^, will reach from 48 to 24|. 

6. In art. 150, ex. 1. Sin 74®30' : 32 : : Sin 56®20': 27|. 

For other examples, see the several cases in Sections III 
and IV. 
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,190. Though'the solutions in trigonometry may be effect- 
ed, by the logarithmic scale, or by geometrical construction, 
as wdl as by arithmetical computation ; yet the latter meth- 
. od 18 by far the most accurate. The first is valuable princi- 
.pally for the expedition with which the calculations are made 
h^ It. The second is of use, in presenting the form of the 
triangle to the ey«. . But the accuracy \mich attends arith- 
metical operations, is net to be e^cpected, in taking lines from 
a sc^Ie, Prtih a pair of compasses.* 



* See note I. 
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THE ITRST PRINCIPLES OF TRIGONOMETRI- 
CAL ANALYSIS. 
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A 191 T^ ^^ preceding sections, sines, tangents, and 
^' * ■*" secants, have been employed in calculating 
the sides and angles of triangles. But the use of these lines 
is not confined to this object. Important assistance is derived 
from them, in conducting many of the investigations in the 
higher branches of analysis, particularly in physical astrono- 
my. It does not belong to an elementary treatise of trigo- 
nometry, to prosecute these inquiries to any considerable ex- 
tent. But this is the proper place for preparing the formvlx^ 
the applications of which are to be made elsewhere. 

' Positive and negative signs in trigonometry, 

192. Before entering on a particular consideration of the 
algebraic expressions which are produced by combinations of 
the several trigonometrical lines, it will be necessary to at- 
tend to the positive and negative signs in the different quar- 
ters of the circle. The sines, tangents, &c. ui the tables, 
are calculated for a single quadrant only. But these are 
made to answer for the whole circle. For they are of the 
same length, in each of the four quadrants. (Art. 90.) Some 
of them, nowever, are positive ; while others are n^ative. la 
algebraic processes, this distinction must not be ne^ected* 

193. For the purpose of tracing the changes of the i^gns, 
in different parts of the circle, let it be supposed that a 
straight line CT (Fig. 36.) is fixed at one end C, while the 
other end is carried round, like a rod moving on a pivot ; so 
that the point S shaD describe the circle ABDH. If the two 

*EuIer's Analysis of Infinites, Button's Mathenaatics, Lacroiz'i 
Differential Calculus, Mansfield's Essays, Legendre's^ Lacroix% Play- 
fur's, and Woodbousc's Trigonometry. 
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diameters AD and BH be perpendicular to each other, they 
vnH divide the circle into quadrants. 

194. In the Jirst quadrant AB, the sine, cosine, tangent, 
Szc. are considered all positive. In the second quadrant dD^ 
the sine P'S' continues positive; because it is still on the up- 
per ade of the diameter AD, from which it is measured. 
But the cosine, which is measured from BH, becomes ne^a- 
live, as soon as it changes from the right to the left of this 
line. (Alg. 507.) In the third quadrant, the sine becomes 
nega^re, by changing from the upper side to the imder side 

. df jDA. The cosine continues negative, being stiU on the 
left of BH. In the fourth quadrant, the sine continues neg- 
ative. But the cosine becomes positive, by passing to the 
right of BH. 

195. The signs of the tangents and secants may be derived 
from those of the sines and cosines. The relatbns of these 
several lines to each other must be such, that a uniform meth- 
od of calculation may extend through the different quad- 
rants. 

In the first quadrant, (Art. 93. Proper. 1.) 

K : cos : ; tan : sm, that is, Tan = • 

' ' cos 

The sign of the quotient is determined from the signs of 
the divisor and dividend. (Alg. 123.) The radius is consid- 
ered as always positive. If then the sine and cosine be both 
positive, or botn negative, the tangent will be positive. But 
if one of these be positive, while the other is negative, the 
tangent will be negative. 

Now by the preceding article. 
In the 2d quadrant, the sme is positive, and the cosine 
negative. 

The tangent must therefore be negative. 
In the 3d quadrant, the sine and cosine are both negative. 

The tangent must therefore be positive. 
In the fou rt h quadrant, the sine is negative, and the cosine 
positive. 

The tangent must therefore be negative. 

196. By the 9th, 3d, and 6th proportions in art. 93, 

^ R» 

1. Tan :R::R:cot, that is, Cot=— — • 

' ' tan 

Therefore, as radius is uniformly positive, the cotangent 
must have the same sign as the tangent. 
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2. Cos : R : : R : sec, that is, Sec = 



cos 



The secant^ therefore, must have the same sign as the co- 

sine. 

R^ 

- • 3. Sin:R::R:cosec, That is, Cosec=--v— • 

' ' sm 

The cosecant^ therefore, must have the same sign as the 
'6ine. 

The versed me, asit isi measured from A, in one directiw 
only, is invariably positive. 

197. The tangent AT (Fig. 36.) increases, as the arc ex- 
tends from A.towards'B. See also Fig.*H. Near B the ive* 
urease is very rapid ; and when the difference between the 
arc and' 90^, is less than any assignable quantity, the tan^nt 
is greater than any assimable quantity, and is said to be tn/E* 
nite. (Alg. 447.) If the arc is exactly 90 degrees, it hzs, 
strictly speaking, no tangent. For a tangent is a line, drawn 
perpendicular to the diameter whieh passes through one end 
of the arc, and extended till it meets a line proceeding ftom 
the centre through the other end. (Art. 84.) But if the arc 
is 90 degrees, as AB (Fig. 36.) the ande ACB is a right an- 
gle, and therefore AT is parallel to CB; so that, if these 
rimes be extended ever so iar, they can never meet. Still, if 
an arc infinitely near to 90^ has a tangent infinitely grea^S 

^s frequently said, in concise terms, that the tangent of 90^ 
is infinite. 

In the second quadrant, the .tangent is, at first, infinitelj 
.;great, and gradually diminishes, till at D it is reduced to 
nothing. In the third quadrant it increases again, becomes 
infinite near H, and is reduced to nothing at A. 

The cotangent is inversely as the tangent. It^ is therefore 
mothing at B and H, (Fig. 36.) and infinite near A and D. 

198. The secant increases with the tangent, through the 
^rst quadrant, and becomes infinite near B ; it then diminish- 
es, in the second quadrant, till at D it is equal to the radius 
CD. In the third quadrant, it increases again, becomes infi- 
nite near H, after which it diminishes, till it becomes equal 
>to radius. 

The cosecant decreases, as the secant increases, and r. r. 
It is therefore equal to radius at B and H, and infinite near 
A and D. 

199. The sine increases through the first quadrant, till at 
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(Fi^. 36.) it is equal to radius. See also Fig. 13. It their 
nainishes, and is reduced to nothing at D. In the third 
ladrant, it increases again, becomes equal to radius at H» 
d is reduced to nothing at A. 

Ibe cosine decreases through the first quadrant, and is re- 
iced to nothing at B. In the second quadrant, it increases^ 
1. it becomes equal to radius at D. It then diminishes 
-sin, is reduced to nothing at H, and afterwards increases 
I. it becomes equal to radius at A. 

In all these cases, the arc is supposed to begin at A, and to- 
utend round in the direction of !BDHh 

^200. The sine and cosine varj from nothing to radius, which 
ey never exceed. The secant and cosecant are never less 
an radius, but may be greater than any given length* 
lie tangent and cotangent have every value from nothing to 
finity. Each of these lines, after reaching its potest Dm- 
I begins to decrease ; and as soon as it arrives at its least lim* 
» begins to increase. Thus the sine begins to decrease, af* 
IT becoming equal to radius, which is its greatest limit. 
xxt the secant begins^ to increase after becoming equal to ra*^ 
las, which is its least limit. 

201. The substance of several of the preceding articles, 

comprised in the following tables. The first shows the 
ig7i5 of the trigonometrical hnes^ in each of the quadrants of 
^ circle. The other gives the values of these lines, at the 
extremity of each quadrant. 

Quadrant 1st 2d 3d 4th 

Sine and cosecant + + — — 

Cosine and secant + " — + 

Tangent and cotangent +• — 4- — 

0^ 90» 180^ 270<> 360** 



Sine 


• 


r 


• 


r 


• 


Cosine 


r 





r 


• 


r 


Tangent 





OD 





CO 





Cotangent 


OD- 





CO 





CD 


Secant 


r • 


OD 


r 


CO 


r 


Cosecant 


CO 


r 


CO 


r 


en 



Here r is put for radius, and oo ibr infinite. 

202. By comparing these two tables, it will be seen, that 
lach of the trigonometrical lines changes firom positive to 
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negative, or from negative to positive, in that paft of the^ 
circle in which the line is either naihing or infinite. Thu9 
the tangent changes from positive to negative, io passing 
from the first quadrant to the second, through the place 
where it is infinite. It becomes positive again, in passing 
from the second quadrant to the third, through the point in 
which it is nothing. 

203. There can be no more than 360 degrees in any cir- 
cle. But a body may have a number of successive revolu- 
tions, in the same circle ; as the earth moves round the sun, 
nearly in the same orbit, year after year. In astronomicd 
calculations, it is frequentty necessary to add together parti 
of different revolutions. The sum may be more than 3i60<^» 
But a body which has made more than a complete revolu- 
tion in a circle, is only brought back to a point which it had 
passed over before. So the sine, tangent, &c. of an arc 
greater than 360^', is the same as the sine, tangent, &;c. of 
some arc less than 360^.^ If an entire circumference, or a 
number of circumferences be added to any arc, it will ter- 
minate in the same point as before. So that, if C be put 
for a whole circumference or 360**, and x be any arc what- 
ever; 

sin a?=sin (C+a?)=sin f2C+a?)=sin (3C+x), &c. 
tana:=tan(C+a?)=tan(2C+a?)=tan(3C+a?), 8ic, * 

204. It is evident also, that, in a number of successive 
revolutions, in the same circle ; 

The first quadrant must coincide with the 5th, 9lh,13th,nth, 
The second, with the 6th, 10th, 14th, 18th, &c. 

The third, with the 7th, 11th, 15th, 19th, &c. 

The fourth, with the 8th, 12th, 16th, 20th, &c. 

205. If an arc extending in a certain direction from a giv- 
en point, be considered positive ; an arc extending from the 
same point, in an opposite direction, is to be considered nega- 
tive. (Alg. 507.) Thus, if the arc extending from A to S 
(Fig. 36.) be positive; an arc extending from A to S'" will 
be negative. The latter will not terminate in the mme quad- 
rant as the other ; and the signs of the tabular lines must be 
accommodated to this circumstance. Thus the sine of AS 
will be positive, while that of AS'" will be negative. (Art. 
194.) When a greater arc is subtracted from a less, if the 
latter be positive, the remainder must be negative. (Alg, 
58, 9.) 
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Trigonometrical Formula. 

206. From the view which has here been taken of the 
changes in the trigonometrical lines, it will be easy to see, in 
what parts of the circle each of them increases or decreases. 
But this does not determine their exact values, except at the 
extremities of the several quadrants. In the analytical in- 
vestigations which are carried on by means of these lines, it 
is necessary to calculate the chants produced in them, by 
a given increase or diminution of the arcs to which they be- 
long. In this there would be no difficulty, if the sines, tan- 
gents, &c. were proportioned to their arcs. But this is far 
Irom being the case. If an arc is doubled, its sine is not ex- 
actly douJued. Neither is its tangent or secant. We have 
to inquire, then, in what manner, the sine, tangent, &c. of 
one arc may be obtained, from those of other arcs already 
Imown. 

The problem on which almost the whole of this branch of 
analysis depends, consists in deriving, from the sines and co- 
sines of two given arcs, expressions for the sine and cosine 
of their sum and difference. For, by addition and subtrac- 
'tion, a few arcs may be so combined and varied, as to pro- 
duce others of almost every dimension. And the expres- 
inons for the tangents and secants may be deduced from 
those of the sines and cosines. 

Hjpressions for the sine and cosine of the sum ani differ- 
ence of arcs. 

307. L#et a=AH, the greater of the given arcs. 
And 6=HL=HD, the less. (Fig. 37.) 

Then <i+i=AH+HL=AL, the sum of the two arcs, 
And a— 6=AH— HD=AD, their difference. 

Draw the chord DL, and the radius CH, which may be 
represented by R. As DH is, by construction, equal to 
HL ; DO is equal to QL, and therefore DL is perpendicu- 
lar to CH. (Euc. 3. 3.) Draw DO, HN, QP, and LM, each 
perpendicular to AC ; and DS and QB parallel to AC. 

From the definitions of tlie sine and cosine, (Art. 82, 9,) 
'it is evident, that 

N 
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of AH, that is, sin «=HN, 
The sine 




{of AH, that is, cos «=CN, 
of HL, that isw cf» 5=CQ. 
of AL,i.e.eos(a+6)=CM^ 
of AD, i.e. cos(a— 6) =CO. 

The triangle CHN is obviously similar to CQP ; and it » 
also similar to BLQ^, because the sides of the one are per* 
pendicular to those of the other, each to each. We have, 
then. 




2. 
3. 
4. CH:QL::HN:QB, R:nVi &::nn a:QB, 

CoRvertiiq; each of these proportions into an equation;' 

sin a cos ft* ^^ cos a cos b 

I. ^P=— g— 3. CP=-B— 

^^ sin h COS a ^ sinasinb 
a BL= — g 4. QB= — jj 

Then adding the first and secondi 
^ sin a COS b+sin b cos a 

qp+BL= ~ 

SubtractiDg the second from the first, 
_^ ,^ sin a cosb—sin b cos a 

q^_BL= g 

Subtracting the fourth firom the third, 
^*^ ^•^ cos a cos ft— «n asinb 

CP-Q,B« R 

Adding the third and fourth, 

_ cos a cos b+sin a sin ft 

CP+QB= g 

* In these formula, the sign of multiplication is omitted ;sinae&ah 
being put for sin axcos by that is the product of tht sine of a into the 
coune of &• 
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But it wiUlie seen, from the figure, that 

qP+BL=BM+BLs=LM=^iui(a+&) 
q)P-BL=Q^-qSr:DO=nn la^b] 
CP-QB=CP-Pk=CM=co#(a+6 
€P+QB=CP+SD^^O=ca< [a^b] 

308. If thai, &r the first member of each of the four 
^quations above, we substitute its value, we shall have, 

» ./ M\ iin a cos b+sin b cos a 
I. wn(a+fe)= p 

»» . / »x sinacosb^dnbcosa 
Ih ««(«— 6) = p 

_-_ >. , * €<MtI toi 6— <»» a M« ft 

in. €oa(a+b)sz g 

IV. -cosfa-^bjes :^ 

Or, muItifdyiDg both sides bj R, 

R 8in(a+b)sam^ a co» b-\-tin b cos cs 
R sin(a-'b) =m a cos i — <&» & co^ a 
R ■cos(a'\'b)^cos u cos b — m asinb 
R C05(^a — bj^cos a cos b+sin a sin 6 

That is, the product of radius and the sine of the sim ol 
two arcs, is equal to the product of the sine of the first arc 
into the coskie of the second + the product of the sine of 
the second huto the cosine of the &st. 

The product of radius and the sine of the difference of 
two arcs, is equal to the product of the sine of the £rst arc 
into the cosine of the second — the product of the sine of 
the second into the cosine of lihe first 

The product of radius and the cosine of the sum of two 
arcs, is eqaal to the product of the cosines of the arcs — the 
product of their sines. 

The product of radius and the cosine of the difference of 
two arcs, is equal to the product of the cosines oif the arcs 
+ the pE<»duct of itbeir sifies. 

These four equations may he consideped as fundamental 
propositions, in what is called the Arithmetic of Sines and Co- 
mneSf or Trigonometrical Analysts. 



t. 
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Exprenions for the sine and eonne of a double arc. 

209. When the sine and cosine of any arc are given, it is 
easy to derive from the equations in the preceding article, ex- 
pressions for the sine and cosine of double that arc. As the tf¥0 
arcs a and & may be of any dimensions, they may be supposed^* 
to be equal. Substituting, then, a for its equal i, tne fint 
and the third of the four preceding equations will become, 

R sin(a-\'a)^sin a" cos a+sin a cos a 
R co8(a+a)=sco8 a cos a-^sin a sin a 

That is, writing sin^a for the square of the sine of a, and 
cos* a for the square of the cosine of a, 

I. R sin 2a=2sin a cos a 
IL R cos 2a=co*'a— sm*a. 

Expressions for the sine and cosine of half agvoen are. 

210. The arc in the preceding equations, not being ne- 
cessarily limited to any particular value, may be hatja^ as 
well as a. Substituting then ^a for a, we have, 

R sin a=2^n fb cos ^a 
R cos a=cos*ia—sin*^a 

Putting the sum of the squares of the sine and cosine 
equal to the square of radius, (Art. 94.) and inverting the 
members of the last equation, 

<:o**^a+«n'*|ar=R* 
cos*^a^sin*^a=l^ cos a 

If we subtract one of these from the other, the terms con- 
taining cos*ia will disappear; aufid if we add them, the terms 
containing sin^j^a will disappear : therefore, 

25m«|a=R»~RcMa 
2co5*|a=:R*+R cos a 

Dividing by 2, and extracting the root of both sides, 

I. w/4a= V^B*— ^Rxcoff a 

II. cos^a=: V^R»+^Rx CO* a 

. 

Expressions for the sines and cosines of multiple arcs. 
J9ill. In the same manner, as expressions for the sine and 
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cosine of a double arc, are derived from the eqnatiotijB in art. 
208; expressions for die sines and cosines of other multiple 
arcs may be obtained, by substituting successively 2a, 3a, &c. 
for by or for b and a both. Thus, 



* ("Rnn 3a=sR 8in(a+2a)=sin a 

I. < R nit 4a=R sin(a+2a)=sin a 

^ R nn 5assR mfa+4a)=nn a 



R nn 3a=sR 8in(a+2a)=9in a cos 2a+fin 2a cos a 

cos 3a +'^71 ^ CM a 

cos 4a+^'t ^ cos a 

&c. 




R cos 3a=R cos(a'\'2a)^cos a cos 24i^sin a sin 2a 

*" cos 4aaeR cos(a+3a) ^cos a cos^sin a sin 3a 

cos 5a ^R cos(a'^4fa):=cos a cos^a^sin a sin 4a 

&ic« 

Ea^fressions for the products of sines and cosines. 

212. Expressions for the products of sines and cosines 
may be obtained, by adding and subtracting the four equa- 
tions in art. 208, viz. 

R sin(a+b)=:isin a cos b+sin b cosa 
R sin(a--b)=sisi a cos b^sin b cos a 
R cos{a+b)=^cos a cos b'-~sin a sinb 
R cosfa-^bjssicos a cos b+sin a sin b 

Adding the first and second, 
R sin(a+b)+R sin(a^b):=c28in a cos b 

Subtracting the second from the first, 
jR sin(a+b)^R sin(a^b)=2sin b cos a 

Adding the third and fourth, 
R cos(a--b)'\-R cos(a'\-b)=i2cos a cos b 

Subtracting the third from the fourth, 
J? cos(a--b)—R cos(a+b)=2sin a sin b 

^ Inverting the members of each of these equations, and di- 
viding by 2, we have, 

I. sin a cos 6=^iJ sin(a+b)+lR ^'"'(^'-b) 

II. sin bcos a=i ^R sin(a +0)— ^R sin(a —b) 

III. cos a cos 6=^jR cosifa^bJ + ^R cos(a+b) 

IV. sinasinb=j^Rcos(a—b)'-j^Rcos(a+b) 

213. If & be taken equal to a, then a+&=:2a, and a— i^=0, 
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the sine of which is ; (Art 201.) and the term in which thi» 
is a factor^ is reduced to 0* (Alg. il2^ Bat the cosine of O 
is equal to radius, so that Rxcom OssJR* . Redudag, then^ 
the preceding equations^ 

The first becomes sin a eos a^^R nV 2m 
'nie third, ^o«'as:|l{^4.}/{ eos 2a 

The fourth,. jin*a=^iR* -i^ ^^ 

21^1. If « be the turn, and d the difference of two arcs, 
^(*+d) will be equal to the ^eater, and i(t—d) to the less* 
(Art 153.) Substituting then, m the four equations in vrt 212, 

s for «+J, i(8+'i) for a, 

rffora— J, ir*— rf) for ft, we hare^ 

L m l;(8+d)cos ^(s^dJ^iR (sin s+tm d) 

11. sin ^(s--d)cos ^(8+a)^\R (sin j— «tn d) 

III- C05 |f«+d)cM ^(s'^dJ^iR (cos d+coss) 

IV. stn j-(s+d)sin ^(s'-d)'=^R(cos d^coss) 

215. If radius be taken equal to 1, the two &st equations 
is art. 208, are 

nn(a+b)=^sin a cos b^sin b cos a 
sin(a—h)=^sin a cos b^sin b cos a 

Multiplyii^ these isto each other, 
sin(a+b)xsin(a^b)=:sin*a co«*6— «n'6 cos^a 

But by art. 94, if radius is I, 
co5*i=l— «n*6, and co«'a=l— mn'a 

Substituting, then, for cos^b and cos^a, their values, multi- 
plying the factors, and reducing the terms, we have, 

sin(a+b) x sin(a — b) =»i»*^— *in*6 

Or^ because the difference of the squares of two qtian^ 
ties IS equal to the product of thenr sum and difl&cenee^ 
lAlg. 2S5.] 

sin(a+b)xsin(a'-b)=(sin a+sin b):i({siH a^sin h) 

That is, the product of the sine of the sum of two arcs, 
into the sine of their difference; is equal to the product of 
Ihe sum of their sines, into the difference of their sines. 
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Eapnstiatu for the tangsnts of arcs* 

316. GxpressioDS for the tangents of arcs may be deriired 
from those already obtained for the sines and cosines. By 
93tL 93, pn^oftion 1st, 

R:t<m2:eos :9in 

. R cos tan sin Rxsin 

tan siw ti cos* cos 

^^ ^ , Rsin(a+b) 

Thus tan(a+bj^ / , ,. - 

* ^ -^ cos(a+b) 

If, for sin(a-\'b) and cotfa+i^ we substitute their ralacs, 
as given in art. 206, we shaQ have, 

V R{sin a cos b+sin b cos a) 

tanfa+b}^i=i : — » : ^-^-t *' 

^ ' -' cos a cos 6— wn a stn b 

217. Here, the value of the tangent of the sum of two 
arcs is expressed, in terms of the sines and cosines of the arcs. 
To exchange these for terms of the tangents^ let the nume- 
rator and (^nominator of the second member of the equa- 
tiott be both divided by cot a cos &. This will not alter the 
vahie of the fraction. (Alg. 140.) , 

The numerator, divided hy cos a cos bjh 
R{s%nMCosh'i'sinb cosa) (sin a sinb\ 
cos a cos \cos a cos oi 

And the denomintUorj divided by cos a cos by is 
i' cosacosbsinasinb sin a sin b tana tanb 

COS a cos b cos a cos b R R 

Therefore tan{a+b)J^ a+tmb 

tan a tan b 

*- — bT' 



The denombator of the fraction may be cleared of the 
livisor R^j by multiplying both the numerator and denomt 



the 
divisor R^y by inultipl^g both the numerator and denomi- 
nator into R^. And if we proceed in a similar manner, to 
find the tangent of a— i, we snail have, 
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R'itm a+tattb) 

216. I. M«+ft)=«»_te„-7r«ir6' 

R^ (tan a— tan b) 

If the arcs a and & are equaiy then substituting £t, 2a, Sa, 
&c. for iy as in art. 211, 

R^{2iana) 
tan 2a=M^+«)=U,_^^^2^ 

^ /J*(^an a+fflm 2a) 
^an ^=tan{a+2^)^~^~—---^, &c. 

219. If we divide the first of the equations in art. 214, 
by the second; we shall have, after rejecting ^R^ from the 
Bumerator and denommator, (Alg. 140.) 

sin ^{s+d)cosj{s'-d) sin s+sin d 

sin ^(«— d)co5 2(*+^) "~'*w ssin d 

But the first member of this equation, (Alg. 155,) is equal to 

«»s(*+^) cos\{s'^d) tan\{s-\-d) R (hxi^ 

cos\[s+d) ^ mT^s-d)"^. R ^ tmT^is^'d) '216.) 

Therefore, 

sin «+5in d tan j(«^+d) 

sin s-^sm d'^tan \{s"'d) 

220. According to the notation in art. 214, s stands for the 
sum of two arcs, and d for their difference. But it is evideipl-^ 
that arcs may be taken, whose sum shall be equal to'" 
any arc a, and whose difference shall be equal to any arc b, 
provided that a be greater than b. Substituting then, in the 
preceding equation, a for s and b for d, 

sin a+sin b tan ^(fl+J) 
sin a— sin b~'tan a(a— t) ' 

sin a+sin b : sin a—sin b :: tan ^{a+b) : tan f (a— 6.) 

That is, the sum of the sines of two arcs or angles, is to the 
difference of those sines ; as the tangent of hajf the sum of the 
arcs or angles, to the tangent of hacf their difference. 

By art. 143, the sides of triangles are as the sines of their 
opposite angles. It follows, therefore, from the preceding 
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• ipropositian, (Alg. S89.) ^at the sum of aatjr two sides of a 
triatigic, is to their difference; as the tangent of half the 
ffttar of the opposite angles, to the tangent of half their dif- 
ference. 

This is the second theorem appHed to the solution of ob- 
lique angled triangles, which was geometrically demonstrated 
in sirt. 144.^ 



Expression foi' the area of a triangle, in tenn^ of the sides^ 

221. Let tlie sides of the triangle ABC (f^ig. 23.) be ex- 
pressed by a, 6, and c, the perpendicular CD by p, the seg- 
ment AD by df and the area by S. 

Then a*=6*+c*-2cd, (Euc. 13. 2.) 

Transposing and dividing by 2c 

— Therefore d^ = ^r . [223.) 



rf= 



2c 



By Euc. 47. l,jp*=:ft^-cf»=&*-^^ -^ — — 

Reducing the fraction, (Alg. 150.) and extracting the root 
»f both sides, 

V4»«c>-(6*+c«-a«)« , 
P= 2" t 



* See note K. 

fThe expression for the perpendicular is the same, when one of the 
angles is obiiise, as in Fig. S4. Let AD=»<^. 

Thena»=6*+c*+2c(f. (Euc. 12.2.) And d= ^^ 

Therefore d^^^- -4,^^--=^ ' ■ ^^ - -^^^- (A1219.)^ 



V46«c«-(62 4.^8-a*)» 
And ^=— r • ^ - ■ - -*--^ — as abort. 



O 
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This gives the length of the perpendicular^ in tenns of the 
sides of the triande. But the area is equal to the product 
of the base into half the perpendicular height. (Alg. 518.) 
that is, 



Here we have an expression for the area, in ferms of thi^ 
sides. But this may be reduced to a form much better 
adapted to arithmetical computation. It will be seen, that 
the quantities 46*c*, and (ft* +c*— a*)* are both squares; 
and that the whole expression under the radical sign is the 
difference of these squares. But the difference of two squares 
is equal to the product of the sum and difference of their 
roots. (Alg. 235.) Therefore 46-c*— (6«+c*— a*)* maybe 
resolved into the two factors, 

( 2Jc+(6»+c*— a') which is equal to (J+c)^— o* 
i26c— (6*+c*--a*) which is equal to a*— (6— c)* 

Each of these also, as wiU be seen in the expressions on 
the right, is the difference of two squares ; and may, on the 
same principle, be resolved into factors, so that, 

5 (6+c)« -a^ =z{b+c+a) X (6+c-a) 
(a*-(J--c)*=(a+6-c)x(a--i+c) 

Substituting, then, these four factors, in the place of the 
quantity which has been resolved into them, we nave, 

S=i ^/(b+c+a) X (b+c-a) X (a+b-^c) X (r -b+c) 

Here it will be observed, that all the three sides, a, J, and 
C; are in each of these factors. 

Let h=:^(a+b+c) half the sum of the sides. Then 
«+6+c= 2ft, 

6+c— a=('a+6+c/— 2tt=2A— 2a, 
a4-5-c=»(ti+ft+cJ-2c=2i-2c, 
a-6+c=fa+6+cj-26=2A-26. 

Substituting these values of the several factors, and ob« 
serving that 2A— 2a=s2(A— a) &c. 

S=*^ V2A X 2(k^a) X 2(h^b) x 2(h-e) 
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ITie numeral co-efficientSy here, may be brought together 
by multiplication. (Alg. 104.) Their product is 16, whose 
root may be removed irom under the radical sign. (AIg.271.} 
Therefore, 



S=Vkx(h-a)x(h'^b)x(h--c) 

222. For finding the area of a triangle, then, when the 
three sides are given, we have this general rule ; 

From half the sum of the sides, subtract each side severally / 
mubiply together the half sum and the three remainders; €nd 
extract the square root of the product. 



SECTION vni. 



COftfPUTATION OF THE CANON. 



A 223 TPHE trigonometrical canon is a set of table* 
■*• containing the sines, cosines, tangents, fee. 
to every degree and minute of the quadrant. In the com- 
putation of these tables, it is common to find, in the first 
place, the sine and cosine of one minute; and then, by suc- 
cessive additions and multiplications, the sines, cosines, Ike, 
of the larger arcs. For this purpose, it will be proper to be- 
gin with an arc whose sine or cosine is a known portion of 
the radius. The cosine of 60^ is equal to half radius. 
(Art. 96. Cor.) A formula has been given, (Art. 210,) by 
which, when the cosine of an arc is known, the cosine of 
half that arc may be obtained. 

By successive bisections of 60^, we have the arc* 
30O Oo 28' 7" 30"' 

150 . 

70 30' , 

30 45' 

10 52' 30" 1 45 28 7 30 

0« 56' 15'^ 00 0' 52" 44"' 3"" 45'"" 

By formula II, art. 210, 

cos \a= V|R*+|Rxco«a •*" 
If the radius be 1, and if 0=60^, i=30<^, c=15«^, &c. then 

^ i=?CM |a= ^i+jx 1=0.8660254 
Wi ^^co$ ^6= V|+|eof^ =0.9659258 
cos d=iCos |c= V|4-|co« c=0.99I4449 
cos e:=^cos Jd= ^i + icord=0.9978589 

Proceeding in this manner, by repeated extractions of the 
fquarQ root, we shall find the cosine of 
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Qo 0' 52" 44'" 3'" 45'"' to be 0.99999996732 



And the sine (Art. 94.)= Vl-co«* =0.00025566346 

Tbis, however, does not give the sine of one minute exact- 
ly. The arc is a little less than a minute. But the ratio of 
very small arcs to each other, is so nearly equal to the ratio 
of their sines, that one may be t^en for the other, without 
sefisible errour. Now the circumference of a circle is divi- 
ded iato 21600 parts, for the arc of 1'; and into 24576, for 
the are of 0^ 0' 52" 44'" 3"" 45 Therefore 

21600 : 24576 : : 0.00025566346 : 0.0002908882. 
which is the sine of 1 minute very nearly.* 

And the cosine = VI3ii^ar--o.9999999577. 

224. Having computed the sine and cosine of one minute, 
we may proceed, in a contrary order, to find the sines and 
cosines of larger arcs. 

Making radius =1, and adding the two first equations in 
art. 208, we have 

sin(a -|- &J + wn (a—bjssz 2sin a cos b 

Adding the third and fourth, 

cos(a +b)+ cos(a — b) =2co« a cos h 

Transposing sin(a—b) and cosfa—b) 

I: sin(a + 6J = 2sin acos b— sin(a — b) 

II. cos(a -I- 6 J = 2cos acosb-^ cos(a — b) 

If we put 6 = 1', and a = l', 2', 3', &c. successively, we 
shall have expressions for the sines and cosines of a series of 
arcs increasing regularly by one minute. Thus, 

sin{\f+V)=2sin I'xcosl'-sin =0.0005817764,, 
sin{2'+V)=2sin ^^x cost -sin 1' =0.0008726645, 
sin{3f+V)=2sin S'xcosl'T-sin 2' =0.0011635526, 
&CC. &c. 

cos{V+l')=2cos I'xcos r—cos =0.9999998308 
cos{2' + r)=:2cos 2'xcos V-cos 1' =0.9999996 192 
co5(3 +r)=2co« 3'Xco« I'—cos 2' =0.9999993230 
&c. &c. 

The constant multiplier here, cos 1 ' is 0.9999999577, which 
is equal to 1—0.0000000423. 

* See note L. 
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22S. Calculating, in this manner, the sines and cosines 
from 1 minute up to 30 degrees, we shall have also the sines 
and cosines from 60** to 90^. For the sines of arcs between 
0^ and 30**, are the cosines of arcs between 60** and 90**. 
And the cosines of arcs between 0* and 30*^, are the sines of 
arcs between 60*> and 90**. (Art. 104.) 

226. For the interval between 30** and 60**, the sines and 
cosines may be obtained by subtracticMi .merely. As twice 
the sine of 30*» is equal to radius; (Art. 96.) by making 
a =30^, the equation marked I, in article 224 will be<- 

come 

sin(30'>+b)=^cos J-5tnC30**-6j 

And putting 5 = 1', 2', 3', &c. successively, 

«m(30** r)-cos l'-m(29** 59') 
(30** 2')=cos 2'-Mn(29** 58') 
(30** 3) =:cos 3' -*m(29** 5V) 
&c. &c. 

If the sines be calculated from 30<* to 60**, the cosines will 
also be obtained. For the sines of arcs between 30** and 
45**, are the cosines of arcs between 45^ and 60**. And the 
sines of arcs between 45^ and 60**, are the cosines of arcs 
between 30** and 45**.* (Art. 96.) 

227. By the methods which have here been explained, the 
natural sines and co^es are found. 

The logarithms of these, 10 being in each instance added 
Co the index, \will be the artificial sines and cosines, by which 
trigonometrical calculations are commonly made. (Art. 
102, 3.) 

228. The tangents^ cotangents, secants^ and cosecants, are 
easily derived from the sines and cosines. By art. 93, 

jR ; cos : : tan : sin -cos : R::K : sec 

R : sin : : cot : cos sin : R::R : cosec 

Therefore, 
R X sin R* 



The tancent = The secant = 

^ cos cos 

Rxcos J?* 

The cotaneent= = — The cosecant =-r- 

° sm sm 

Or if the computations are made by logarithms, 

Tke tangent =10+jin— co*, The secant =20— co«. 

The cotangent=10+co*— -jiw, The cosecant = 20 —«7i. 

* See note M. 



XOTES. 



Note 4^ Page 1. 



^PEQI name Logarithm is firom a^ ratioj and «#f^i nttm* 
-"- ier. Considering the ratio of a to 1 as a simple ratio^ 
that of a' to 1 is a duj^icaze ratio, of a' to 1 a tri^icatc ra- 
tio, &c. (Alg. 354.) Here the exponents or logarithms 2, ;>, 
4y &c. show how many times the simple ratio is repeatfd as 
a factory to form the compound rqitio. Thus the ratio of 
100 to ly is the square of the ratio of 10 to 1 > the ratio of 
1000 to 1, is the adfe of the ratio of 10 to 1, Ssc. On tliis 
account, logarithms are called the measures of ratios ; that 15 
of the ratios which different numbers bear to unity. Sec thr 
Introduction to Button's Tables, and Mercator's I^garith- 
mo-Technia, in Maseres' Scriptores Logarithmic!. 



Note B. p. 4. 

If I be added to— .09091, it becomes 1 — .09G91, which is 
equal to +.90309. The decimal is here rendered positivo, 
W subtracting the figures from 1. But it is made 1 too great. 
This is compensated, by adding — 1 to the integral part of 
the logarithm. So that - 2 - .0969 1 = - 3 + .90309. 

In the same manner, the decimal part of tny loflrarltlim 
which is whofly negative, may be rendered positive, oy sub- 
tracting it from 1, and adding —1 to the index. The Hiib- 
traction is most easily performed, by taking the right hand 
significant figure from 10, and each of the other figures ft'oin 
9. (Art. 55.) 

On the other hand, if the index of a logarithm be n(*(;n- 
tive, while the decimal part is positive ; the whole may Ix* 
rendered negative, by subtracting tlie decimal part from 1 , 
and taking — 1 from the index. 
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Note C. p. 8. 

It is common to define logarithms to be a series of num- 
bers in arithmetical progression, corresponding with another 
series in geometrical progression. This is calculated to per- 
plex the learner, when, upon opening the tables, he finds 
that the natural numbers, as they stand there, instead of be- 
ing in geometrical^ are in arithmetical progression ; and that 
the logarithms are not in arithmetical progression. 

It is true, that a geometrical series may be obtained, by 
taking out, here and there, a few of the natural numbers ; 
and that the logarithms of these will form an arithmetical 
series. But the definition is not applicable to the whole of 
the numbers and logarithms, as they stand in the tables. 

The supposition that positive and negative numbers have 
the same series of logarithms, (p. 7.) is attended with some 
theoretical difiiculties. But these do not affect the practic- 
al rules for calculating by logarithms. 



Note D. p. 38. 

According to the scheme lately introduced into France, of 
dividing the denominations of weights, measures, &c. into 
tenths, hundredths, &c. the fourth part of a circle is divided 
into 100 degrees, a degree into 100 minutes, a minute 
into 100 seconds, &c. The whole circle contains 400 of 
these degrees ; a plane trian^e 200. If a right an^e be 
taken for the measuring unit; degrees, minutes, and seconds, 
may be written as decimal fractions. Thus 36^ 5' i^ i$ 
0.S60549. 

C 10<>==9^ > 
^Vccording to the French division < 100' =54' > EngEdh 

(1000"=324'') 



Note E. p. 44. 

In Fig. 6th, let the arc AD =a, and ADB =2a. Draw BF 

perpendicular to AH. This will divide the right an^ed tri- 
angle ABH into two similar triangles. (Euc. 8. 6.) The an- 
gles ACD and AHB are equal. (Euc. 20. 3.) Therefore? 
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the four triangles ACG, AHB, FHB, and FAB arc simUar ; 
and die line SH Is twice CG^ because BH : CG : : HA : CA. 

The sides of the four trian^es arei 

AG=snn a^ CGscof a, HFssoer^. sm. 2ay 

. AB=s2n'na, BH=2(^a, AC =:thp radius, 

BF=«n 2a, AF =^vers 2a^ AH = the diameter. 

A variety of proportions may be stated, between the ho- 
mologous sides of these triangles : For instance, 

• By comparing the triangles ACG and ABF, 

AC : AG : : AB : AF, that is, Risin a::2sin aivers 2a 
AC:CG::AB:BF Ricos a::28in aisin 2a 

AG:CG:: AF:BF Sin aicos aiivers 2a:sin 2m 

Therefore, 

Rxvers 2a=28in*a 
Kxsin2ia s:i28in axcos a 
Sinaxsin 2a =svers 2axcos a 

By comparing the triangles ACG and BFH^ 

AC :CG::BH :HF, that is, Ricos ai:2co8 aivers. sup. 2a 
AG:CG::BF :HF Sin aicos aiisin 2a:vers. svp. 2a 

Therefore, 

"Rxvers* sup. 2a^2cos*a 
Sin ax vers. sup. 2a=cos ax sin 2a 
&c. &c. 

That is, the product of radius into the versed sine of the 
supplement of twice a given arc, is equal to twice the square 
of the cosine of the arc. 

And the product of the sine of an arc, into the Versed sine 
of the supplement of twice the arc, is equal to the product of 
the cosine of the arc, into the sine of twice the arc^ &c. &o. 



Note F. p. 64. 

The different methods of solving the same triangle, by 
making the different sides radius, may serve to Terify each 
other. But they are not, in every instance, equally accurate. 
The differences in the sines of an^es near 90^, and in the 
cosines of angles nealr 0^, are so small, as to leave an uncer- 
tainty of several seconds in the result. Thus 9.9d9999@ is 
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fiven in Taylor's tables, as the cosine of eTery angle betweeii 
' 5!^", and 3'41 '' and tl^e sine of every an^le between 89*>S6' 
19" and 89** 57' S'\ But the differences m the tangents and 
cotangent^ are considerable, in every part of the quadrant. 
The method of solution should be varied, so as to avoid find- 
ing a very small angle by its cosine, or one near 90^ by its- 
sine. See the latter part of note H. 



Note G. p. 69. 

If the perpendicular be drawn from the ^.ngle oppp^te the- 
longest side, it will ^Lwbjs fall within the triaq^e ; because 
the other two angles ipust, of course, be acute. Bqt if one 
of the angles at the base be obtus^^ the perpendicular will fall- 
without the trianjgle, as CP, (Fiff. 36.) 

In this case, the side on whioi the perpendicular falls, 19 
to the sum of the other two f as the difference of the la^r,. 
to the sum of the segments made by the perpendicular. 

The demonstration is the s?une, as in the Qtber case, ex- 
cept that AH =BP + P A, instead of Bp -PA. 

Thus in the circle BDHL (Fig. 38,) of which C is the 
centre, 

AB X AH = AL X AD ; therefore AB : AD : : AL ^ AH. 

But AD=CD+CA=CB+CA 
And AL=:CL-CA=CB-CA 
And AH=HP+PA=BP+PA 

Therefore 
AB : CB+CA ::CB-CA:BP+PA. 

When the three sides are given, it may be loiown whether 
one of the angles is obtuse, For any ansle of a trian^e i» 
obtuse or acute, according as the square of the side ^i^tend- 
ing the angle is greater ^ or less^ than a right angle. (Euc. 12^ 
13.2.) 



' Note H. p. 76. 

Solutions of Triangles. 

Any triangle whatever may be solved, by the theorenis ii% 
section IV. But there i^ Qther methods, by which, i^ cer- 
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^liin circumstances, the catculatioD§ are rendered more ex- 

Jieditious, or more accurate results are obtained : particular- 
y, in the third and fourth cases, in the first of which, two 
sides and the included angle are ^ven, and in the last, the 
three sides. See Simson's Trigonometry, annexed to his 
edition of £!uclid, Legendres^ Trigonometry, i)r. Mask<»- 
Jyne's Preface to Tajdor's Logarimms, and Woodhouse'* 
"Trigonometry. 

Case III. 

In astronomies^ calculations, it is frequently the case, that 
two sides of a triangle are given by their logarithms. By the 
following proposition, the necessity of finding the correspond- 
inenatural numbers is avoided. 

Theorem A. In any plane triangle^ of the two sides which 
include a given angle, theJesi is to the greater; as radius to the 
tangent of an angle greater thah 4:5^ : 

And renins is to the tangent of the excess of this angle above 
A5^ ; as the tangent of half the sum of the opposite angles, to 
the tangent of hdlf their difference. 

In thfe triangle ABC, (rig. 39.) Ifet the ^ides AC and AB, 
and the angle A be glveil. TThrough A draw DIl perpeildic- 
ularto AC. Make AD and AF eadti equa*Ho AC, and AH 
«qual to AB. And let HG be perpendicular to a line drawn 
from C through F. 

Then AC : AB : : R : Tatt ACH. 

AndR::Tan(ACH -45o): : Tan^ACB+B): TanA( ACB -B) 

Demonstration, 

In the ri^t angled triangle ACD, as the acute angles are 
subtended by the equal sides AC itid AD, each is 45^. For 
the same rea^n, the acute angles in the triande CAF are 
each 4(5^, Thei*ef6re, the angle DCF is a right angle, the 
singles Gtrt and GHF are each 45<>, and the line GH is 
equal to GF and parallel to DC. 

In the triangle ACH, if AC be radius, AH which is equal 
to AB will be the tangent of ACH. Therefore, 

AC:AB::R:TanACH. 

In the triangle CGH, if CG be radius, GH which is equal 
to FG will be the tangent of HCG. Therefore, 
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R:Tan (ACH-45o)::CG:FG. 

And, as GH and DC are parallel, (Euc. 2. 6.) 

CG:FG::DH:FH. 

But DH is, by construction, equal to the sum, and FH to 
the difference of AC and AB. And by theorem II, [Art. 144.] 
the sum of the sides is to their difference ; as the tangent of 
half the sum of the opposite angles, to the tangent of half 
their difierence. Therefore, 

R:Tan (^ACH-45«;::Tan ifACB+B; ;Tan if ACB^Bj 

Ex. In the triangle ABC, f Fig. 30,^ riven the angle A = 
26® 14', the side AC =39, and the side AB=53. 

AC S9 1.591064G R 10. 

AB 53 1.724S759 Tan 8« d9'|9" 9.18£3381 

R 10. Tan |(B + C)76*»53' 10.6326181 



Tan 53« 39' 9" 10.1332113 Tan |(B^C)33o 8' 50" 9.81495C2 . 

I ■ I I 9 m mi 

\ 

The same result is obtained here, as by theorem II, p. 15. 

To find the required side in this third case, by the theo- 
rems in section I v , it is necessary to find, in the first place, 
an angle opposite one of the riven sides. But the required 
side ma^ be obtained, in a different way, by the following 
proposition^ 

Theorem B. In a plane triangle, twice the product of any 
two sides, is to the difference between the sum of the squares of 
those sides, and the square ojf the third side, as radius to the 
cosine of the angle indudea between the two sides. 
In the triangle ABC, (Fig. 23.) whose sides are a, b, and c. 

2hc:b*+c*'-'a^ ::R:Co» A. 

For in the right angled triangle ACD, J : J;: R : Cos A 
Multiplying by 2c, 2hc : 2dc ;; R : Cos A 

But, by Euclid 13. 2, 2(fc=:6»+c« -a* 

Therefore, 26c: J*+c*— a* ::R:Cos A. 

The demonstration is the same, when the angle A is obtuse, 
a:^ in the triangle ABC, (Fig. 2i.) except that a* is greater 
than 6* +c» ; (Euc. 12. 2.) so that the cosine of A is nega- 
tive. See art. 194. 

From this theorem, are derived expressions, both for the 
sides of a triangle, and for the cosines of the angles. Con* 
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▼crting the last proportion into an equation, and proceeding 
in the same manner with the other sides and angles, we have 
the following expressions ; 



For the angles. 
Cos A=RX"- 



Cos B=RX 
Cos C=Rx 



26c 
2ac 
2ab 



6= 



For the sides. 

26c Cos A\ 
V(J^+c^-.— jj— ) 

2ocCosB\ 
V(a»+c»— j^-J 

2^6 Cos C\ 
V(a»+6'- R j 



These formulae are useful, in many trigonometrical investi- 
^tions ; but are not well adapted to logarithmic computa- 
tion. 

Case IV. 

When the three sides of a triangle are given, the angles 
may be found, by either of the following theorems; in 
which a, i, and c, are the sides, A, B, and C, the opposite 
angles, and A=half the sum of the sides. 



Theoreh C. < 



2R 



Sin A=-^ VAfA-a;fA-6;fA-cj 
211 



Sin B=— r Vk(k'^a)(h''b)(h-'c) 

I Clio 

211 

Sm C:=r-^VAfA-fl;CA-6;fA-c; 



The quantities under the radical sign are the same in all 
the equations. 

In the triangle ACD, (Fig. 23.) 
R : 6 : : Sin A : p. Therefore, Sin A x 6 =R Xp. 

Butp= L_ ^ (Art. 221. p. 105.) 

This, by the reductions in page 106, becomes 
V^l<2(h^)x2{l^^ 2A - c 



P = 



2c 



IIB 
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Substituting this talue of p^ and t^diicing^ 

2K, '_ 

Sm A=-^~ Vh(h'-a)(h^b)(h-c) 

The Arithtfi6ti(5al calculations may be inade, by adding tbie 
tbgarithms of the factors under the radical sign, dividing the 
^um by 2, and to the (Quotient, addiklg the logarithms of rti- 
dius adfd 2. and the anthmetical complements of the log^- 
rithmft of ^ and c {Arts. 39, 47, 58.) ^ 

Ex. Givm ft«l34, 6=108, aiid c=80, to fod A, B, tnd C. 



For the angle A. 

h 161 log. £.2068259 

&— a 27 lug. 1.4313638 

h-rb 53 log. 1. 72427 5d 

h-e 81 log. 1.9084850 



For the angle B. 

13.9S6509d 
« 194 a. c. 7.8728952 
C 80 a. c. 8.0969100 



RX2 



2)7.2700506 

♦3.6S54753 

log. 10.3010300 



13.9365053 
t 108 a. c. 7.9665762 
e 80 a. c. 8.696910a 



Sin B. 9.906S10& 

B = 53* 42*9^' 

For the angle C 

ia936505S 
a 134 a. c. 7.8728952 
J» 108 a. c. 7.9665762 



5in A. 



0.9999915 



Sia€. 



9.7759767 



A=89» 38' 31'* 



C=36» 39' 20" 



Sin|A=R/ 
Theorem D. ^ Sin jB=Rv^ 

SiniC=Ri/ 



be 

ac 
(h^aXh-'b) 

"oT 



By art. 210, 2 Sin»|A=R*-R xco* A. 
Substituting for cos A, its value, as given in page 117, 

2Sin*iA=R«--R^x ^^ 

25c , ^ b*+c*^a^ _ ««-J«^c« 
ButR^ =R« X ^ . And-R» X — ^67--- =^^' >< -26^- 
*This is the losarilhm of the area of the triangle, [kvt. 222.} 



«rOT£&. 



ll» 



Therefore 2Sm 






But2M-<»*ri*-e' =o»-fi^^;*=('a44-«Xa-Hc; (Alg.236.) 
Putting then &3=i(a+i+c), re^ucipg, wid extntcting^ 

Sm iA.=a.^/ -^- 

Ex. GiTen a, J, and c, as before, to find A and B. 



For the angle A. 

h-h 53 1.72427^9 

h—e 81 1.9084850 

h 108 a.c. 7.9665762 

C 80 1^ C. 8.0969100 



For the angle B» 

h-^a 27 1.4S15638 

k-:-c 81 1.9064850 

« 134 a. C. 7.8728952 

c 80 a. c. 8.0969100 



Sin iX 



2)19.6962471 
9.8481235 



Sio^B 



2)19.3096540 
9.6548270 



A=89'^38'3l" 



Theorem E.«< 



Cos -J A=R y/ 



B=:53*» 42' 9" 



Cos |fi=:RV 

Cos |C =R V 



6c, 

ac 
h(i'-c) 



ab 



By art. 210, 2Cos«^A===R*+Rxcos A 

Substituting and reducing, as in the demonstration of the 
last theoreoiy 

aCos^|A=R» X— 26? =^^' ^-— "ir^ ^ 

Putting ^=:|(a+6+c) reducing, and extracting, 



^ 



' 



\ 
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Ex. Giren the tides 134, 108, 80 ; to find B and C. 



For the an^e B. 

h 161 £.£068S59 

h—h 03 1.7242750 

a 194 a. c. 7.8728952 

c 80 a. c. 8.0969100 



For the angle C. 
h 161 2:9da8259 

&— e 81 1.9084850 

a • 134 a. c. 7.872895^ 
b 108 a.c. 7.9665762 



2)19.9009070 
Cos IB 9.9504535 

Ba53<>42'9" 



2)19.9547823 
Cos 4C 9.977391 ^ 

C«36*» 39' 20*' 



Theohem F.-< 



(h—a)(h—c) 

(h-a)(h-b) 
TaniC=Rv4^£:^ 



Tlie tangent is equal to the product of radius and the sine, 
divided by the cosine. (Art. 216.) By the two last theorems, 
then, 

Rsinfa ^^ /h-bXJ^-c) m-a) 

Ta° « A=-^T-=R V g — - R v^r^ 

(h-b)(h-c) 
That is, Tan iA=R /-^^Z^ 

Ex. Given the sides as before, to find A and C« 



For the angle A. 



h—h 58 
h—c 81 

A-a 27 

A 161 



Tan \k 



1.7242759 

1.9084850 

a. c. 8.5686362 

a. c. 7.7931744 

2)19.9945712 
9.997285G 



For the angle C. 

h'-a 27 1.43196S8 
A-6 53 1.7242759 
A— c 81 a. c. 8.0915150 
h 161 a. c. 7.7931741 



TanfC 



2)19.0403288 
9.5201644 



A=:89<»S8'S1" 



Caa36^ 30 '20'^, 



The three last theorems give the angle required, without 
ambiguity. For the half of any anele must be less than 90^. 

Of these different methods of solution, each has its advan- 
tages in particular cases. It is expedient to find an angle, 
sometimes by its sine, sometimes by its cosine, and some- 
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times by its tangent. One reason for varying the mode of 
calculation, is the inequality in the increase of the sines, tan- 
gents, &«. in different parts of the quadrant. 

The differences of the sines are greatest when the arcs are 
small, and least near 90^. An angle which is within 3 or 4 
degrees of a right angle, can not be very accurately deter- 
mined by its sine, as given in the tables. The same uncer- 
tainty attends the cosine of an angle which is very small. 

The differences in the logarithmic tangents and cotangents 
are least at 45^, and increase towards each extremity of, the 
quadrant. In no part of it, however, are they very small. 
In the tables which are carried to 7 places of decimals, the 
least difference for one second is 42. Any angle may be 
found, within one second, by its tangent, if tables are used 
which are calculated to seconds. 

But the differences in the logarithmic sines and tangents, 
ivithin a few minutes of the beginning of the quadrant, and 
in cosines and tangents within a few minutes of 90*, though 
they are very large, are yet too unequal to allow of an exact 
determination of their correspondinff angles, by taking pro- 
portional parts of the differences. Very small angles may be 
accurately found, from their sines and tangents, by the rules 
given at the close of this note. 

By the first of the four preceding theorems marked C, D, 
£, and F, the calculation is made for the sine of the ivhole 
angle ; by the others, for the «ne, cosine, or tangent, of half 
the angle. For finding an angle near 90**, each of the three 
last theorems is preferable to the first. In the example above, 
A would have been uncertain to several seconds, by theorem 
C, if the other two angles had not been determined also. 

But for a very small angle, the first method has an advan- 
tage over the others. The third, by which the calculation is 
made for the cosine of half the required angle, is in this case 
the most defective of the four. The second will not answer 
well for an angle which is almost 180<>. For the half of this 
is almost 90^ ; and near 90<* the differences of the sines are 
vei^ small. 

The foUowing rules for finding the sine of tangent of a ve- 
ry small arc, and, on the other hand, for finding the arc from 
its sine or tangent, are taken from Dr. Maskdyfie*s Introduc- 
tion to Taylor's Logarithms. 

To find the logarithmic sine of a very small arc. 

From the sum of the constant quantity 4.6855749, and the 
logarithm of the given arc reduced to seconds and df 



1 22 TRIGONOMETRY. 

subtract one third of the arithmetical complement of tbe 
logarithmic cosine. 

To find the logarithmic tangent of a very small arc. 

To the sum of the constant quantity 4.6855749, and the 
logarithm of the given arc reduced to seconds and decimals, 
add two thirds of the arithmetical complement of the loga- 
rithmic cosine. 

To find a small arc from its logarithmic sine. 

To the sum of the constant quantity 5.3144251, and the 
^ven logarithmic sine, add one third of the arithmetical 
complement of the logarithmic cosine. Tbe remainder di- 
minished by 10, will be the logarithm of the number of sec- 
onds in the arc. 

Th find a small arc^ from its logarithmic tangent. 

From the sum of the constant quantity 5.3144251, and the 
given logarithmic tangent, subtract two thirds of the arith- 
metical complement of the logarithmic cosine. The re- 
mainder diminished by 10, will be the logarithm of the num- 
ber of seconds in the arc. 

For the demonstration of these niles, see Woodhouse's 
Trigonometry, p. 189. 



Note I. p. 91. 

Gunter'^s Sliding Rvle is constructed upon the sasie princi- 
ple as his seale, witl^ the addition of a slider, which is so 
contrived as to answer the purpose of a pair of compasses, 
in working proportions, multiplying, dividing, &c. The lines 
on the Jixea part are the same as on the scale. The sKder 
contains two lines of numbers, a line of logarithmic sines,, 
and a line of lo^carithmic tangents. 

. To multiply by this, bring 1 on the slider, against one of 
the factors on the fixed part ; and against the other factor on 
the slider, will be the product on the fixed part To divide^ 
brine the divisor on the slider, against the dividend on the 
fixea part ; and against 1 on tne slider, will be the quotient 
on the fixed part. To work a proportion^ bring the first term 
on the slider, against one of the middle terms on the fixed 
part; and against the other middle term on the slider, will be 
the fourth term on the fixed part. Or the first term may be 
taken on the fixed part ; and then the fourth term will be 
found oh the slider. 
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Another itistniment frequently used in trigonometrical 
constructions, is 

The Sector. 

This consists of two equal scales, moveable about a point 
as a centre. The lines which are drawn on it are or two 
kinds ; some beine parallel to the sides of the instrument, 
and others divergmg from the central point, like the radii 
of a circle. The latter are called the double lines, as each is 
rq>eated upon the two scales. The single lines are of the 
same nature, and have the same use, as those which are put 
upon the common scale; as the lines of equal parts, of 
chords, of latitude, &;c. on one face; and the logarithmic 
lines of numbers, of sines, and of tangents, on the other. 

The double lines are 

A line of lAnes^ or equal parts, marked Lin. or L. 

A line of Chords, Cho. or C. 

A line of natural Sines, Kn. or S, 
A line of natural Tangents to 45^, . Tan. or T« 

A line of tangents above 45<*, Tan. or T. 

A line of natural Secants, Sec. or S. 

A line of Polygons, Pol. or ?• 

The double lines of chords, of sines, and of tangents to 
^*, are all of the same radius ; beginning at the central 
point, and terminating near the other extremity of eaclr 
^^ale ; the chords at 60^, the sines at BO^', and the tangents 
at 45^. (See art. 95.) The line of lines is also of the same 
length,, contiuning ten equal parts which are numbered, and 
which are i^ain subdivided. The radius of the lines of se^ 
cants, and of tangents above 45^, is about on^ fourth of the 
length of the other tinesr. From the end df the radius, which 
for the secants is at 0, and for the tamj^ents at 45^, these lines 
extend to between 70*^ and 80*. The line of polygor)s is • 
numbered 4, 5, 6, &c. from the extremity of eiach scde, to- 
wards the centre. 

The simple principle on which the utility of these several 
pairs of lines depends i* this, that eft€ sides of similar trian- 
gles are proportional. (Euc 4. 6.) So that sines, tangents, 
&c. are furnished to any radius, within the extetit of the 
opening of the two scales. Let AC and AC ((Fig. 40.) be 
any pair of lines on the sector, and AB and AW equal por- 
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tions of these lines. As AC and AC are equal, the triangle 
ACC is isosceles, and similar to ABB'. Therefore, 

AB:AC::BB':CC'. 

Distances measured from the centre on either scale, as 
AB and AC, are called lateral distances. And the distances 
between corresponding points of the two scales, as BB' and 
CC, are called transverse distances. 

Let AC and CC be radii of two circles. Then if AB be 
the chord, sine, tangent, or secant, of any number of de- 
grees in one ; BB' wifi be the chord, sine, tangent^ or secant, 
of the same number of degrees in the other. (Art. 119.) 
Thus, to find the diord of 30®, to a radius of four inches, 
open the sector so as to make the transverse distance from 
60 to 60, on the lines of chords, four inches; and the distance 
from 30 to 30, on the same lines, will be the chord required. 
To find the sine of 28®, make the distance from 90 to 90, on Uie 
lines of sines, equal to radius ; and the distance from 28 to 
28 will be the sine. To find the tangent of 37*, make the dis- 
tance from 45 to 45, on the lines ottangents, equal to radius ; 
and the distance from 37 to 37 will be the tangent. In find* 
ing secants, the distance from to must be made radius. 
(Art. 201.) 

To lay down an aiigle of 34®, describe a circle, of any 
conyenient radius, open the sector so that the distance from 
60 to 60 on the lines of chords shall be equal to this radius, 
and to the circle apply a chord equal to the distance from 
34 to 34. (Art 161.) For an ande above 60®, the chord of 
half the number of degrees may be taken, and applied ttvice 
on the arc, as in art. 161. 

The line of polygons contains the chords of arcs of a cir- 
cle which is divided into equal portions. Thus the dbtances 
from the centre of the sector to 4, 5, 6, and 7, are the chords 
of ^, I, ^, and 4^ of a circle. The distance 6 is the radius. 
(Art 95.) This line is used to make a regular polygon, or to 
inscribe one in a given circle. Thus, to make a pentagon^ 
with the transverse distance from 6 to 6 for radius, describe a 
circle, and the distance from 5)o 5 will be the length of one 
of the sides of a pentagon inscribed in that circle. 

The line of lines is used to divide a line into equal or pro- 
portional parts, to find fourth proportionals, &;c. Thus, to 
divide a line into 7 equal parts, make the length of the given 
line the transverse distance from 7 to 7, and the distance 
from 1 to 1 will be one of the parts. To find 7 of a line, 
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make the transverse distance from 5 to 5 equal to the given 
line ; and the distance from 3 to 3 will be j of it. 

In working the proportions in trigonometry on the sector, 
the lengths of the sides of trian^es are taken from the line 
of lines, and the degrees and minutes from the lines of sines, 
tangents, or secants. Thus in art. 135, ex. 1, 

35:R::26:Sin48^ 

To find the fourth term of this proportion by the sector, 
make the lateral distance 35 on the line of lines, a trans* 
verse distance from 90 to 90 on the lines of sines ; then the 
lateral distance 26 on the line of lines, will be the transverse 
distance from 48 to 48 on the lines of sines. 

For a more particular account of the construction and 
uses of the Sector, see Stone's edition of Bion on Mathe- 
matical Instruments, Button's Dictionary, and Robertson's 
Treatise on Mathematical Instruments. 



Note K. p. 105. 

Expressions for the cotangents may be obtained by putting 

cot = ^ (Art. 93.) 

R* R* —tan a tan b 

Thus cot C«+»)=t-^«-:;5)-~trn"H^i^6^ (^*- ^^S.) 

R* ^ R» 

Substituting^^ for tan a, and ^— ^ for tan 6, 

R* R» 

^ cot a '^ cot 6 
cot (fl+6)= j^i gl 



cot o cot 6 

Multiplying both the numerator and denominator by 
cot a cot 6, dividing by B^, and proceeding in the same 
manner, for cot(a— 6) we have, 

, ^^ cot a cot 6— R* 

I. cot((i+6)= 7T-; — ;: 

^ ' cot 6+cot a 

' cotacot5+R* 

II. cotfa— 6)= TT 7 

^ ' cot 6— cot a 
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Note L. p. 109! 

The erroar in supposing that arcs less than 1 minute are 
proportional to their sines, can not affect the first ten places 
of decimals. Let AB and AB' (^^S* ^^O ^^^h equal 1 min* 
ute. The tangents of these arcs BT and BT are equal, as 
are also the sines BS and B'S. . The arc BAB' is greater 
than BS+B'S, but less than BT+B'T. Therefore BA is 
greatet than BS, but less than BT : that is, the difference be- 
tween the sine and the arc is less than the difference between the 
sine and the tangent. 

Now the sine of 1 minute is 0.0002908B8216 
And the tangent of 1 minute is 0.000290888204 

The difference is 0.000000000012 



The difference between the sine and the arc of 1 minute 
is less than this ; and the errour in supposing that the sines 

of r, and of 0' 52' 44'" 3'"' 45 are proportional to their 

arcs, as in art. 223, is still less. 



Note M. p. 110. 

There are various ways in which sines and cosines may bo 
more expeditiously calculated, than by the method which is 
given here. But as we are already supplied with accurate 
trigonometrical tables, the computation of the canon is, to 
the great body of our students, a subject of speculation, rath- 
er than of practical utility. Those who wish to enter into a 
minute examination of it, will of course consult the. treatises 
in which it is particularly considered. 

There are also numerous formulae of verification^ which 
are used to detect the errours with which any pa^t of die cal- 
culation is liable to be affected. For these, see Legendre's. 
and Woodhouse's Trigonometry, Lacroix's Differential CaU 
culuS) and particularly Euler's Analysis of Infinites. 



A TABLE OF 



NATURAL SINES AND TANGENTS 



TO EVERY TEN MINUTES OF A DEGREE. 



IF the given angle is less than 45 ^» look for the title 
of the column, at the top of the page ; and for the de- 
grees and minutes, on the left. But if the angle is be- 
tween 46® and 90*, look for the title of the column, at 
the bottom^ and for the degrees and minutes, on the 
risrht. 



'** 



NATURAL SINES AND TANGENTS. 



D. M. 


Sine 


Tangent 


Cotangent 


Cosine 


D. M. 


O" 0' 


0.0000000 


0.0000000 


Infinite 


l.OOOOOOO 


90° 0' 


10 


0029089 


0029089 


343.77371 


0.fl99995e 


SO 


20 


0058 J 77 


0058178 


I71.S8540 


9999S3I 


40 


30 


OOS7205 


0087269 


114.58865 


9999G1S 


30 


40 


0116353 


0116301 


85.939791 


9999323 


20 


0»S0' 


0145439 


0145454 


68.750037 


9996942 


39- 10 


1» 0' 


0.0174524 


0.0 17455 1 


57.289962 


0.9998477 


39" 


10 


0203606 


0203650 


49.103881 


9997927 


50 


20 


0232690 


0232753 


42.964077 


9997292 


40 


SO 


0261769 


026 1859 


38.1SS459 


999G57S 


30 


40 


0290547 


0290970 


34.367771 


9995770 


20 


1»50' 


0319922 


0320086 


31.241577 


9994B81 


380 10 


2" C 


0.034S995 


0.034920E 


28.636253 


0.9993906 


38' 


10 


03780G5 


0378335 


2G.43I600 


9992851 


50 


20 


0407131 


0407469 


21.541758 


9991703 


40 


30 


0436194 


0436609 


22.903766 


9990482 


30 


40 


0465253 


0465757 


21.470401 


9989171 


20 


2-50' 


0494308 


0494913 


20.205553 


9987775 


37" 10 


3' 0' 


0.0523360 


0.0524078 


19.081137 


0.99B629S 


37" 0' 


10 


0552406 


0553251 


1 S.074977 


9954731 


50 


20 


0581446 


0582434 


17.169337 


9963082 


40 


30. 


0C104S5 


0611626 


16.349855 


9981348 


30 


40 


0639517 


0640829 


15.604784 


997953C 


20 


3»fi0' 


0G(J654^ 


0670043 


14.924417 


9977G27 


36° 10 


4° 0' 


O.0G975G5 


0.0699269 


14.300&G6 


0.9975641 


36" 


10 


072G580 


072S505 


13.726735 


9973569 


50 


20 


07S55SS 


0757755 


13.196883 


9971413 


40 


30 


0754591 


0787017 


12.706205 


9969173 


30 


40 


0813587 


OS 16293 


12.250505 


9966349 


20 


4" 50' 


0Si257e 


0845583 


1I.926IC7 


99644.10 


85» 10' 


5' 0' 


0.0S7155- 


0.0S743S7 


11.4.30052 


0.9961947 


35" 


10 


090053;; 


0904206 


11.059431 


9959370 


50 


20 


092949E 


0933540 


10.711913 


9950705 


40 


30 


0958455 


0962390 


10.335397 


995396S 


30 


40 


0987/iO6 


0992257 


10.078031 


9951132 


20 


5-50' 


1016351 


1021641 


9.7891732 


9948217 


34" 10 


D. M. 


Cosine 


Cotangent 


Tangent | Sine 


dTm: 








^ 
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D. .VI 


Sine 


Tangent 


Cotangent 


Ck>&ine 


D. M. 


6° 


0.1045285 


0.1051042 


9.5143645 


0.994S2Ift 


84° 


10 


1074210 


10B0462 


9.2553035 


9942 13(; 


50 


20 


I 103126 


1109899 


9.0098261 


9935989 


40 


30 


1 132032 


1139356 


8.7768874 


993571 ■' 


30 


40 


1 160929 


1168832 


8.5555468 


9932384 


20 


s-so- 


11S9816 


1198329 


8.3449558 


9928005 


83° 10' 


T" 


0.1216693 


0.1227846 


8.1443464 


0.9925462 


83° 


10 


1247560 


■ 1257334 


7.9530224 


9921874 


50 


20 


1276416 


1286943 


7.7703506 


9918204 


40 


SO 


1305262 


1316525 


7.5957541 


9914449 


30 


40 


1334096 


1346129 


7.4287064 


9910610 


20 


T-oO 


1362919 


1375757 


7.2687255 


9906687 


62° 10' 


8° 


0.1391731 


0.1404085 


7.1153697 


0.9902681 


32° 0' 


10 


1420531 


1435084 


6.96S233S 


. 9898590 


£0 


20 


1449319 


J 464784 


6.8269437 


9894416 


40 


30 


1478094 


1494510 


6.6911562 


9800159 


30 


40 


1506857 


1524262 


0.560563S 


9835817 


20 


8»50 


1535607 


1554040 


6.4346428 


9881392 


51° 10' 


9° 0' 


0.1564345 


0.15S3844 


6.3137515 


0.9876683 


81° 0- 


10 


15930C9 


1613677 


6.1970279 


9872291 


50 


20 


1621779 


1643537 


6.0844381 


9667615 


40 


30 


165frl.76 


1073436 


5.0757644 


9862856 


30 


40 


167915! 


1703344 


5.6708042 


9858013 


20 


O'SO 


1707S2S 


1733292 


5.7693688 


9853087 


60" 10 


10° 


0.173C4&2 


0.1763270 


5.6712616 


0.9348078 


50° 


10 


1765 121 


1793279 


5.S763786 


9842985 


50 


20 


n937^Ui 


1623319 


5.4845052 


9837805 


40 


30 


1822355 


1853390 


5.3955172 


9632549 


30 


40 


1850949 


1883495 


6.3092793 


9827206 


20 


10° SO 


1879523 


1913632 


5.2256647 


9821761 


79° 10' 


11° 


0.1908090 


0.1943803 


5.1445540 


0.9616272 


79° 0' 


10 


J 936636 


1974008 


5.0656352 


9810680 


SO 


20 


1965 ICG 


2004246 


4.9894027 


9505005 


40 


30 


1993679 


2034523 


4.9151570 


9799247 


30 


40 


20221 7G 


2004834 


4.8430045 


9793406 


20 


11° 50 


2050655 


2095181 


4.7723568 


9787433 
Sine 


78° !0 
I). M. 


D. M 


Cosine 


Cotangent 


Tangent 




R 


V^ 
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D. M. 


Sane 


Tangent 


Cotangent 


Cosine 


U. M. 


12<> 0' 


0.2079117 


0.212556C 


4.7046301 


0.9781476 


/:8^ 


10 


2107561 


2155988 


4.6382457 


9775387 


50 


20 


2135988 


2186448 


4.5736287 


9769215 


40 


30 


2164396 


2216947 


4.5107085 


9762960 


30 


40 


2192786 


2247485 4.4494181 


9756623 


20 


I205O' 


2221158 


2278063 4.38c)6940 

1 


9750203 


770 10' 


13«» Of 


0.2249511 


1 

• 

0.2308682 4.3314759 


0.9743701 


77'> 0' 


10 


2277844 


2339342 4.27+7066 


9737116 


50 


20 


2306159 


2370044 4.2193318 


9730449 


40 


30 


2334454 


2400788 4.1652998 


9723699 


30 


40 


2362729 


2431575 4.1125614 


9716867 


20 


IZ^ SO' 


2390984 


2462405 4.0610700 
1 


9709953 


76O10' 


140 0' 


0.2419219 


1 
0.2493280 4.0107809 


0.9702957 r6<» 0' 


10 


2447433 


2524200^3.9616518 


9695879 


50 


' 20 


2475627 


2555165 


3.9136420 


9688719 


40 


30 


2503800 


2586176 


3.8667131 


9681476 


30 


40 


2531952 


2617234 


3.8208281 


9674152 


20 


14« 50' 


2560082 


2648339 


3.7759519 


9666746 


75^ 10' 


15<» 0' 


0.2588190 


0.2679492 


3.7320508 


0.9659258 


750 0' 


10 


2616277 


2710694 3.6890927 
2741945 3.6470467 
2773245 3.6058835 


9651689 


50 


20 


2644342 


9644037 


40 


30 


2672384 


9636305 


30 


40 


2700403 


2804597^ 3.5655749 


9628490 


20 


15050' 


27284O0 


2835999 3.5260938 


9620594 


74<^ 10' 


16^ 0' 


0.2756374 


0.2867454 


3.4874144 


0.9612617 


74«> 0' 


10 


2784324 


2898961; 3.4495120 


9604558 


50 


20 


2812251 


2930521 3.4123626 


9596418 


40 


30 


28 k)l 53 


2962135; 3.3759434 


9588197 


30 


40 


2868032 


2993803 


3.3402326 


9579895 


20 


16^ 50' 


2895887 


3025527 


3.3052091 


9571512 


73<'IO' 


ir«> 0' 


0.2923717 


0.5057307 


3.270852G 


0.9563048 


7Z^ 0' 


10 


2951522 


3089143 


3.2371438 


9554502 


50 


20 


2979303 


3121036 


3.2040638 


9545876 


40 


30 


3007058 


3152988 


3.1715948 


9537170 


30 


40 


3034788 


3 1 84998 


3.1397194 


952>«382 


20 


170 50' 


3062492 32 f 706/ 


3.1084210 


9519514 


72* 10' 

D. MJ 


D. M. 


Cosine 


Cotanorent 1 


TiQ^ent 


Sine 



;l- 



NATUJIAL SINES AND TANGENTS. 



l>. M. 


Siue 


Tangent 


(Jolangcni 


Cosine 


D. M. 


IS- o- 


0.3090170 


0.3249197 


3. 07 768 J5 


0.95105fr5 


-■8° 0- 


10 


311782- 


3281387 


3.0474915 


9501536 


50 


20 


3145448 


3313639 


3.0178301 


9493426 


40 


SO 


317304; 


334595J 


2.988&S30 


9483257 


30 


40 


3200619 


J378330 


2.960042-J 


9473906 


20 


18° 50- 


322S164 


3410771 


:i. 931888,^ 


9464616 


mo' 


19" 0' 


0.3255682 


0.3443 27(i 


2.9042109 


0.9455 18f. 


71" 0' 


10 


3283172 


3475 84C 


2 8769970 


9445675 


50 


20 


3310G34 


3508483 


S. 8503 3 49 


9436085 


40 


30 


3338069 


3541186 


2.82391Vfl 


9426415 


30 


40 


3365473 


3573?l5e 


2.7980198 


9416665 


20 


ICSO' 


3392852 


3606795 


2.772544.8 


9406835 


70''10' 


ao" 0' 


0.3420201 


0.3639709 


2.7474774 


0.939692(3 


70° 0' 


10 


3447521 


3672680 


2.7228076 


9386938 


30 


20 


3474812 


3705728 


2.6983254 


9376869 


40 


30 


3502074 


3738847 


2.074tiJ15 


9366722 


30 


40 


3329301, 


3772036 


a.65io8e; 


9356495 


20 


»0'50' 


3550508 


3805302 


2.6279121 


9J46189 


69" 10' 


Bl- 


0.3583679 


0.3838640 


2.G050891 


0.9335SO4 


69° 0' 


10 


36I082I 


3872053 


2.5826094 


93253-; { 


50 


20 


36J7932 


3905541 


2.5604644 


9314797 


40 


30 


3665012 


3939105 


2.5386479 


9304176 


30 


40 


3692061 


3972746 


2.5171507 


9293475 


20 


ai»50 


371907*- 


4006465 


2. 495 96 CI 


0282696 


Sh-IO' 


32° 0' 


0.3746066 


0.4040262 


2.4750869 


0.9271839 


58° 0' 


10 


3773021 


4074139 


2.4543061 


9260901 


30 


30 


3799944 


4108097 


2.4342172 


9249888 


40 


30 


38a68J4 


4142136 


2.414^136 


9238795 


SO 


40 


385369J 


4176257 


2.3944.889 


9227624 


20 


iii'jO 


3880518 


4210460 


2.375037-- 


9216375 


57=10' 


^a." 


0.3907311 


0.4244748 


2.355S524 


0.9205049 


67° 0' 


10 


3934071 


4279121 


2.3369287 


9193644 


50 


20 


3960798 


4313579 


2.3182606 


9182161 


40 


30 


3937491 


4348124 


2.:! 998425 


9170601 


30 


« *° 


4014150 


4382756 


2.23I66B3 


9138963 


20 


^3»50 


40407 75 


4417477 


'2.2637357 


9147247 


66" 10' 


'^i M 


' ^■••■'i-i'; ' Cotanceat' Taiijfent 


Sine 


D.~M. 



NATURAL SINES AND TANGENTS. 



D. M. 


Sine 


Tangent 


Co tangent 


Cosine 


D. M. 


24" 


0.40G7366 


0.44.32287 


2.24«0368 


0.9135455 


66° 0' 


10 


4093923 


4487187 


2.2285676 


9123584 


50 


20 


4120445 


4522179 


2.2113234 


9111637 


40 


30 


4146932 


4557263 


2.1942997 


9099613 


30 


40 


4I733S5 


45924.39 


2.1774920 


90B7511 


20 


at°50' 


4I99S01 


4627710 


2.1608958 


9075333 


65° 10 


25" 


0.4226183 


0.4663077 


2.1445069 


0.90G3078 


SSo 


10 


4252528 


4608539 


2.1283213 


9050746 


SO 


20 


4273838 


4734098 


2.11^3343 


9038338 


40 


30 


4305111 


4760755 


2.0965430 


9025853 


30 


40 


4331 3 iS 


4805512 


^.0809438 


9013392 


20 


25=50 


4357548 


4341366 


2.0655318 


9000654 


64° 10 


26o 


0.435371 1 


0,4677326 


2.0503038 


0.8987940 


34" 0' 


10 


4400S38 


4913386 


Z0352565 


8975151 


50 


20 


4435927 


4949549 


2.02038G2 


8962285 


40 


30 


4161978 


4985916 


2.0056997 


8949344 


30 


40 


44S7992 


5022189 


1.9911037 


8936326 


20 


23=50 


4513967 


505866S 


1.9768050 


8923234 


Gg- 10' 


2-" 


0.4539905 


0.5095254 


1.9626105 


0.8910065 


GS' 


10 


4565804 


5131950 


1.9485772 


889SB22 


50 


20 


4591665 


5168755 


1.93*7020 


8883503 


40 


30 


461748iJ 


5205671 


1.9209921 


8870108 


30 


40 


4643209 


5242696 


1. 90741 47 


8836639 


20 


27° 50 


41309012 


5279839 


1.8939971 


8843095 


02° 10' 


28° 


0.469+71G 


0.5317094 


1.8607265 


0.8829476 


62» 0' 


10 


472O3S0 


5354.405 


1.8676003 


8815782 


SO 


20 


47+6001- 


5391952 


1.8546159 


8802014 


40 


30 


477158a 


5429557 


1.841 77O0 


8788171 


30 


40 


4797131 


5467281 


1.8290628 


8774254 


20 


23" SO 


4822634. 


550512) 


1.8164892 


87G02G3 


GloiO 


29" 


0.4943096 


0.5543031 


1.804O478 


0.8746197 


61° 


10 


4S73517 


556117a 


1.7(317362! 8732058 


50 


20 


4898897 


5619391 


1.7795524 8717S44 


40 


30 


4924.23C 


5657723 


1.7674940 8703557 


30 


40 


49 10532 


5C96191 


1.7555590 8689196 


20 


29° .50 


4974:737 


5734.783 


1.7437453] 8674762 


GO' 10' 


dTm 


Cosine 


Cotan^n 


Tangent | Sine 


D-lVlT 



NATURAL SINES AND TANGENTS. 





D. M 


Sine 


Tangent 


Cotangent 


Cosine 


D. M. 




30° 


0.5000000 


0.5773503 


1 .7320508 


0.S66O254 


30° 




10 


5025170 


5SI2353 


1.7204736 


8645673 


50 




20 


5050298 


5851335 


1.70901 U 


8631019 


40 




30 


5075384 


5890150 


1.6976631 


8616292 


30 




40 


5I0042f. 


5929G99 


1.6864261 


360149] 


20 




30° 50' 


5125425 


59690B4 


1.6752988 


8586619 


59" JO' 




51" 


0.51 5038 1 


O.G00360e 


1.6642795 


0.8571673 


59" 




10 


5175293 


604S266 


1.6533603 


8556655 


50 




20 


5200161 


60S8067 


1.G425S76 


SS4I564 


40 




30 


5224980 


6128006 


1.6318517 


S526402 


30 




40 


5249766 


6168092 


1.6212469 


8511167 


20 




H-BO 


5274502 


6208320 


1.6107417 


8495800 


58" 10' 




32" 


0.5299193 


0.6248094 


1.6003345 


0.64SO481 


58° 0' 




10 


5323839 


6289214 


1.5900238 


8465030 


SO 




20 


5348440 


6329883 


1.5798079 


844950S 


40 




30 


5372996 


6370703 


1.5696856 


8433914 


30 




40 


5397507 


6411673 


1.5596552 


8418249 


20 




32° 60' 


5421971 


6452797 


1.5497155 


84025 J 3 


57" 10' 




33° 


0.544C390 


0.649407C 


1.5398650 


0.8386706 


57" 0- 




10 


5470763 


6535511 


1.5301023 


S370827 


50 




20 


5405090 


6577103 


1.5204261 


8354878 


40 




30 


5519370 


6618856 


1.5108352 


8338858 


30 




40 


5543603 


6060769 


1.5013282 


6322768 


20 




33° SO 


5567790 


6702845 


1.4919039 


8306607 


5G°10' 




34" 0' 


0.5591929 


0.6745086 


1.4825610 


0.8290376 


56" 




JO 


5616021 


67S7492 


1.4732983 


8274074 


SO 




20 


5040066 


6830066 


1.4641147 


8257703 


40 




30 


5G64062 


6872810 


1.4550090 


8241262 


30 




40 


56BS01 1 


6915725 


1.4459801 


8224751 


20 




M'-SO' 


5711912 


6958S13 


1.437026S 


820S17O 


55" JO' 




iS° 


0.57357C4 


0.7002075 


1.4281480 


0.8191520 


55" 0' 




10 


5759568 


7045515 


1.4193427 


8174801 


50 




20 


5783323 


7089133 


1.4106098 


8158013 


40 




30 


5807030 


7132931 


1.4019483 


8141155 


30 




40 


5830687 


7176911 


1.3933571 


8121-229 


20 




35° 50 


5854294 


7221075 


1.3848353 


8107234 


54" 10' 




DT-iC 


Cosine ICutangenl 


Tangent 


Sine 


DTK 






S 











NATURAL SINES AM) TANGEStTS. 



D. M. 


Sine 


Tangent 


Cotangent 


Cosine 


D. M. 


36° 


0.S&77853 


0.7265425 


1.3763819 


0.8090170 


54" C 


10 


5901361 


7309963 


1.3679959 


8073038 


50 


20 


592+819 


7354691 


1.359C764 


8055837 


40 


30 


5948228 


7399611 


1.351+224 


8038369 


30 


40 


5971586 


7444724 


1.3432331 


8021232 


20 


36O50 


3994893 


7490033 


1.3351075 


8003827 


53° 10- 


37" 


0.601 81 5( 


0.753554] 


1 .3270448 


0.7986355 


530 0' 


10 


60+1356 


75812+8 


1.3190441 


7968815 


50 


20 


6064JI1 


7627157 


1.3111046 


7951208 


40 


30 


603-614 


7673270 


1.30J2254 


7933533 


30 


40 


0110666 


7719589 


1 .295+057 


7915r92 


20 


370 50' 


013S66C 


7766118 


1.28764+7 


7897963 


52° 10' 


38" 


0.615G615 


0.781 2S56 


1.2799416 


0.7890108 


52" 0' 


10 


6179511 


7659808 


1.2722957 


7862165 


SO 


20 


6202355 


7906975 


1.2647062 


7844157 


40 


30 


6225146 


795+359 


1.2571723 


76260S2 


30 


40 


62+7885 


8001963 


1.2496933 


7807940 


20 


38- SO' 


6270571 


8049790 


1.2422685 


7789733 


51" 10 


390 0' 


0.629320+ 


0.8097840 


1.2^48972 


0.7771460 


51° 


10 


6315784 


8146116 


1.2275786 


7753121 


50 


20 


6336310 


819+625 


1. 22031 21 


773+716 


40 


30 


0360782 


8243364 


1.2130970 


7716246 


30 


40 


6383201 


8292337 


1.2059327 


7697710 


20 


39" 50 


6-105566 


8341547 


1.198818 + 


7679110 


50° 10 


40" 


0.6427876 


0.S390996 


1.1917536 


0-7660444 


50° 0' 


10 


6+50132 


8+40688 


1.1847376 


7641714 


SO 


20 


647233+ 


8190624 


1.1777698 


7622919 


40 


30 


6+94+80 


8540S07 


r. 1708+96 


7604060 


30 


40 


0516572 


85912+0 


1.1039763 


7585 J 36 


20 


40° 50 


6536609 


86+1926 


1.1571495 


7566146 


40° 10' 


«o 


0.G56O590 


0.669286- 


I.I5036B4 


0.7547096 


+9° 


10 


6582S16 


87+4067 


1.1430326 


75 2r 98(1 


SO 


20 


660+Jdfi 


8795528 


1.1369+14 


7508800 


40 


30 


6626200 


8847253 


1.1302944 


7483557 


30 


40 


66+7959 


88'J9244 


1.1236909 


7470251 


20 


11 "50 


666966 1 


6951506 


1.1171305 


7450851 


16° 10 


Cosine 


Cota'i^nf 


Tangent 


"Sine 


D. M. 



NATURAL SINES AND TANGENTS. 



D. M. 


Sine 


Tangent 


Cotangent 1 Cosine 


D. M. 


42<^ 


0.6691306 


0.9004040 


1.110612Ao.7431448 


48« 0' 


10 


6712895 


905685 1 


1.1041 365JK 7411953 


50 


20 


6734427 


9109940 


1.0977020 


^ 7392394 


40 


30 


6755902 


9163312 


1.0913085 


7372773 


30 


40 


6777320 


9216969 


1.0849554 


7353090 


20 


420 50' 


6798681 


9270914 


1.0786423 


7333345 


47^ 10' 


430 0' 


0.6819984 


0.9325151 


1.0723687 


0.7313537 


47^ 0' 


10 


6841229 


9379683 


1.0661341 


7293668 


50 


20 


6862416 


9434513 


1.0599381 


7273736 


40 


30 


6883546 


9489646 


1.0537801 


7253744 


30 


40 


6904617 


9545083 


1.0476598 


7233690 


20 


43« 50' 


6925630 9600829 


1.0415767 


7213574 


46^10' 


440 0' 


0.6946584 0.9656888 


1.0355303 


0.7193398 


460 0' 


10 


6967479 9713262 


1.0295203 


7173161 


50 


20 


6988315. 9769956 


1.0235461 


7152863 


40 


30 


7009093* 9826973 


1.0176074 


7132504 


30 


40 


7029811 9884316 


1.0117038 


7112086 


20 


44^50' 


7050469 9941991 


1.0058348 


7091607 


45© 10' 


45 ^^ 0'. 0.7U71Ub8 


BfiM:i:t:i:i:« 


1.0000000 


0.7071068 


45** 0' 




Cosine 


Cotangent 


D. M. 


Tangent 


Sine D. M. 



The Secants and Cosecants^ which are not inserted in this 
table, may be easily supplied. If 1 be divided by the co- 
sine of an arc, the Quotient will be the secant of that arc. 
(Art. 228.) And it 1 be divided by the sine, the quotient 
will be the cosecant. 
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